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XIII, On a Type of Spherical Harmonics of Unrestricted Degree^ Order ^ 

and Argument 

By E. W. HoBSOH, ScM., F.KS. 

EeceiTed December 23, 1895,— Bead Januarj 1% 1896, 

Inteoductiof. 

The ordinary system of Spherical Harmonics or Laplace's functions is obtained 
from Laplace's equation 

by choosing special values of V which satisfy this differential equation^ and are of the 
forms 



cos I / V 1 COS I / \ 

r^^ . mp . u/^ (jLt), or r'^'^""-*- . mf . %n^ {fi}^ 



where n and m are real positive integers^ x^ y, z being expressed in terms of r^ /jl^ <f> 
by means of the relations 

0? = r (1 — ix^)^ cos ^5 ^ = r (1 — ii^)^ sin <^^ ^ = r/i. ; 

the function %^^ (/i,) is a particular integral of a certain ordinary linear differential 
equation of the second order, and is known as Legimdre's associated function of 
degree n and order m ; these solutions, in which /a is restricted to be real and to lie 
between the values ^ 1, and in which m is restricted to be less than or equal to ti, 
are the solutions of Laplace's equation which are required in the very important 
class of potential problems in which the boundary of the space considered consists of 
either one or two complete spheres, or of surfaces which differ only slightly from 

spneres. 

cos 
It appears, however, that the functions . m^ . te/^ {fx) are required for the solution 

sm 

of certain potential problems in which the boundaries are of forms other than 
complete spheres, and in some of these cases the values of n^ m, and /x are not 
subject to the restrictions which hold in the case of the primary potential problems 
in which the boundaries are complete spheres. In the case in which the boundary 
is a spheroid or two confocal spheroids, the functions t^/^ {p) of both kinds are 

3 L 2 25.9.96 
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required, in which, although n and m are still real integers, /x may have values 
which are real and greater than unity. The functions for which n is fractional or 
complex are required for the solution of potential problems in which the boundary 
consists of coaxal circular cones and of spheres with the centre at the vertex of the 
cones. For potential problems connected with the anchor-ring functions are required 
for which n is half an odd integer, and /x is greater than unity. For the space 
bounded by two spherical bowls with a common rim, solutions in which n is complex 
of the form — |- + pi^ and /x is greater than unity, have been applied. Solutions 
in which, m is not an integer are sometimes of use, for example, in the potential 
problem for the portion of an anchor-ring cut off by two planes through the axis of 
the ring, which are inclined to one another at an angle not a sub-multiple of two 
right angles. 
The expressions 

cos , , . -, COS , / V 

sm ^ ^' ^ sm ^ ^' ^ 

in which it/' (/x) represents any particular integral of the differential equation which 
it satisfies, and in which the degree n, the order m, and the argument fi may have 
any real or complex values, are a special type of Spherical Harmonics in the extended 
sense of the term, which applies to all solutions of Laplace's equation ; the investi- 
gation of their forms reduces to that of two particular integrals, here denoted by 
P/^(/^)? Q/^(/^)? of the differential equation which u/' [fi) satisfies. The forms and 
properties of the functions required for various potential problems have been investi- 
gated by various writers, the investigations resting usually on a more or less inde- 
pendent basis ; thus, for example, we possess separate theories of Toroidal functions, 
Conal functions, &c. It is obviously desirable that all these special functions should 
be treated as parts of a general theory ; thus an investigation of the forms and 
properties of the two functions F/' (fi), Q/' (/x) for unrestricted values of 7i, m, /x is 
required for the consolidation of the various special results which have been obtained 
in connection with special potential problems. To do this by means of the modern 
methods applicable to linear differential equations is the object of the present memoir. 
In the standard treatise of Heine, the forms and properties of the functions P/' (/x); 
Q/' (/x) are investigated for complex values of /x, the degree n and the order m being 
primarily real and integral ; various extensions are made to cases in which n is not 
so restricted, but in default of a general definition of the functions for unrestricted 
values of n and m, these extensions are fragmentary^ incomplete, and in some cases 
erroneous. Many of the series which satisfy the differential equation for unrestricted 
values of the degree and order have been given by Thomson and Tait,''' and a general 
treatment of the series has been given by OLBRiCHT,t who obtains seventy-two hyper- 

^' See ' Natural Philosophy,' vol. 1, Part I., Appendix B. 

t See Olbrichi\ ' Studien iiber die Kugel- ond Cylinder-functionen/ Halle, 1887. 



OF UNRESTEICTBD DEGREE, ORDER, AND ARGUMENT. 445 

geometric functions which satisfy the differential equation, at least half of which are 
convergent at any given point of the jut-plane. 

In order that the relations between the various particular integrals in the form of 
series may be exhibited, it appears to be most convenient to start from integral 
expressions which satisfy the differential equation ; this is the course adopted in the 
present memoir. A definition of the two functions P/'(ja), Q/'(ja) by means of 
integrals taken along complex paths, which shall be valid for unrestricted values of 
the degree and order, has been rendered possible by the introduction independently 
by Jordan'"' and PocHHAMMERt of the use of integrals with double circuits ; the use 
of such integrals has the great advantage over the employment of integrals taken 
between limits, that the constants have to satisfy no convergency conditions;, and 
thus that the functions may be defined by means of expressions which have a definite 
meaning for all values of the constants. 

In the special case m = 0, the zonal functions P^ (/^), Q,^ (fi) can be completely 
defined by means of integrals with single circuits ; this has been done by Schlaflt,J 
who bases his theory of the series which represent these functions upon such 
definitions. 

In the first part of the present memoir the two functions T/^ (/x), Q/^ (/x) are 
defined by means of integrals in such a manner that the functions are uniform over 
the whole ^-plane, which, however, has a cross-cut extending along the real axis 
from the point [ju = 1 to ^== — 00; these definitions are so chosen that in the 
ordinary case of real integral values of n and m, the functions coincide with the well- 
known functions used in ordinary Spherical Harmonic Analysis ; from these defini- 
tions various series are obtained which represent the functions in various domains of 
the /x-plane. Special conventions are made as to the meaning to be attached to the 
functions at points in the cross-cut. Various other integral expressions are obtained 
which would serve as alternative definitions of the functions. It is shown that all 
the known definite integral expressions for the functions in restricted cases due to 
Laplace, Dikichlet, Heine, and Mehler are special cases of the more general 
formulae. In the latter part of the memoir various definite integral formulse are 
deduced for cases in which the degree and order are subject to special restrictions. 
In conclusion, the forms of the functions required for the potential problems connected 
with the ring, the cone, and the bowl are deduced from the general formulae ; in 
particular, convergent series are obtained for the tesseral toroidal functions. 

As much confusion is caused b^^ the variety of notation used by different writers, 
it is convenient to state here for purposes of comparison the relations between the 
symbols used in the most important works on the subject ; for this purpose the 

* See * Cours d' Analyse,' vol. 3. 

t See various papers in volumes 35 and 36 of the ' Mathematisclie Annalen.' 

J See a tract "Ueber die beiden Heine'solien Kugelfunctionen." Bern, 1881. 
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ordinary case of integral values of n and m is the only one which has to be 
considered. 

Heine uses the symbols PJ'^^(/x), ^J^^dx), Q,,/^^^(/x), Dj'''*(/x), which are connected 
with the symbols P/' (ix), Q/' (/x) used in this memoir by the relations 



V„M{^) = P_,«(/.) = (/.2 - ■l)-^'"%,^''>iix) 



X ^ « O » » , To """" ill/ 



J- O . . . ^/o 



. Jr^^ xH") 



X , *u . O , . 76 -f- //t' 



Thomson and Tatt use the symbols @n^^{fi), ^./'''^(/x), which are connected with 
Heine's P J'^^ (/x) by the relations 

( ^ 1 )l. p J.) ( ) = @ « ( ) ^ 2-^^ ! (^r^ ^^(.) (^). 
^ ' '^ ^' ^ (2%) I ml ^' ^ 

Ferrers uses T/'(/x) for what is denoted here by (— If'^'F^'^ {[x), except in the 
case of a real ju, lying between ± 1^ in which case T/^ (/x) and P,,^ (/x) are identical. 

The Gaussian function IT (x), which is equivalent to T{x + 1), is used throughout 
the memoir. 

Definition of the functions F/' (fx), Q^^(ju) by means of definite integrals. 



1. If, in the differential equation 



(1 - ^^) 



dp? 






n{n + 1) 



m 



3 



I 



1-^^^^j 



[ V = 0. . . . (1), 



which is satisfied by Legendre's associated functions, we substitute V = (ju.^ — 1)^'^' W, 
then W satisfies the difierential equation 

(1 — /x^) j^^ — 2 {m + 1) /x -^ -^ (n — m) (^? + ^ + 1) W r=:: . . (2). 



dfj? 



djjb 



If, in the expression on the left-hand side of (2), we substitute 



W 



(^2-™ \Y{t^ix) 



n — m — 



^dt, 



we find 



(J- - /^') ^.2 






2 (m + 1) /x — + (fi -- m) {n + m + 1) I (?^2 _ ^y. ^^ _ ^^™,,^,,™i ^^ 



s 
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It appears thus that the differential equation (2), is satisfied by 



W 



{t^ — iY{t — jx) 



tf—m — l 



dt, 



for unrestricted values of n and m, provided the integral is taken along a closed 
path, ^.(3., one such that the integrand (t^ — iy^{t — ^)-^«~='^-i attains the same value 
when the path has been completely described, as that with which it commenced. 
The integrand has, in general, the four singular points i^zzz-f-1, t =: ■— 1, t •=. fjL, 
t z= CO , and we shall see that it is possible to choose two distinct closed paths, 
defined with reference to these singular points, which will represent the values of W 
required for the two Legendre's associated functions. 

2. 





If the variable t^ starting from a point C, describes a path in which a positive 
(counter-clockwise) turn is made round the point /i., then a positive turn round the 
point ], then a negative turn round /x, and lastly a negative turn round 1, such a path 
will be closed, i.e., the integrand {t^ — iy{t — ^)-^«-^-i will have the same value 
at C at the beginning and at the end of the path. In the first figure the path will 
be (Ca^C, CySC, C/3aC, CSyC) ; in the second figure it will be (CD, BabD, DC, 
Cy^C, CD, D6aD, DC, CgfC). In Pochhammer's notation, the value of V will be 



V 



(ij?- 1)*^4 



(^ +, 1 +,//,-, 1 -) 



{t^ - ly {t - /.) 



— n — m — 



^dt, 



which will satisfy the equation (1); it is necessary to specify precisely the values of 
the multiple valued functions in the integral, in order that the integral may have a 
definite value. 

First, to define the meaning of (/x^ — 1)*"', let jx — 1 = re'\ juc + 1 = re'^', and 
suppose /x to have moved from a point in the real axis for which jut > 1, along any path 
up to its actual position ; we shall suppose that 6 =^- 0, 6' = 0, when /x is in the real 
axis and greater than unity, the value of (/x^ — 1)^''' at any point will then be 

(r/)*''' I cos -^ (^ + ^') + tsin-~(^ + 0') ^ where 0, 6' are the angles the lines joining 

fji and 1, /x and — 1 make with the real axis ; and d must be restricted each to lie 
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between ± tt, in order that a single value may be assigned to (ju,^ — 1)^™ ; by (rr')^'" is 

denoted e^^^^^^s^^'^') where log (rr) has its real value; the value of (/x^ — l)^''^ has thus 

been uniquely specified for all values of /x^ except those which are real and lie 

between + 1 and ■— oo . Next, in (^^ — 1)^ = (^ — l)"" (^ + 1)^ we shall suppose the 

phase of ^ — 1 to commence with the value cjy at C, where ^ is the angle (between i; tt) 

the line joining C to + 1 makes with the positive direction of the real axis ; the phase 

of ^ + 1 at C we shall suppose to be ^'^ where <j>' is the angle (between i tt) the line 

joining C to -— 1 makes with the positive direction of the real axis ; if at C, 

t'-l = ]ce''^, t+l^J/e'"^', the value of (^^—1)^' will be e''''^^''\ e''^"^"-^'^ where 

log [Mc) has its real positive value ; after the positive turn round 1, (t^ — 1)'^ will have 
become ^'^^^^^^^'^ g?i(,(27r + ^ + 0o^ 

The phase of ^ — /x we shall choose to be such that it is zero when t passes through 
that point of the path for which t -— [jl is a positive real quantity, thus the initial 
value of ^ — /x at C is pe~^''~"^^% where xjj is the angle (between J: tt) which the line C/x 
makes with the positive direction of the real axis, hence (t — ^^~(^+'^^+i) changes from 

again, p-(^^+'^+i) denoting 6"^''+'''+^^^°^^^, where log^ p has its real positive value. 
3. Let us now consider the value of 

with the specifications of the phases just given, in the case in which /x is such that 
mod. ^ (1 — ^) < 1. We shall make the substitution ^ — 1 ^ (/x — 1) ^(^ ; it will be 
convenient to place the path so that C is on the straight line joining 1 and /x, so that 
It has a real value less than unity when t is represented by the point 0. 
The integral becomes 

c.r^ (/x^ - 1)-^^ j (^ -« 1)"- v:" (v^ - i)"-n-^-i / 1 + ^^^-^ u\ du 

where C^ is the point corresponding to C. 




In this integral the initial phase of u at 0' is zero, that of ^^ — 1 is -™ tt, and 
1 ~f — iy — u] has the value given by the Binomial expansion. 
On performing the expansion, we obtain 



r(l + ,0 + ,l~,0~) 



[jb — IJ ^..^Q n^(r) Jl{n — r)\ 2 



11'^' {u- iy-"''~'du 
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The expression 

r(l + ,0+,l~,0") 

has been denoted by Pochhammer by € (a, h) ; it has the advantage over the 

rl 

Eulerian integral u^~^ (1 ■— uf'^^ du of having a definite finite value for all values of 

Jo 

a and &• In € (a, h), the quantity 1 — ii has the phase initially at Q\ so that 
-u — 1 — (1 — t^) e""'''. The principal properties of € (a, ?^) are the following; — 

(ly £{a,h) = € (&, a), 

(2/ € (a + r, 6) = (— ] )r -.-----^ ^ L. .k^ 1 ^u 6) 

€ (a ~- n 6) = (- 1)^ i-^-,--^^-^-^^--!^ 1 € (a, 6 . 

^ ' ^ ^ (c(^ — 1) (a — 2) . ♦ . (a — r) ^ ^ 

(3)^ € (a^ 6) = -— 4 sin ait sin Stt . E (a, 6) 
when the real parts of a, 6 are positive. E (a^ 6) denoting the Eulerian integral 



which is equal to 

n(^.-i)n(5-i) 
n(c^ 4- 6 — 1) 

By means of (2) this theorem can be extended to the case in which the real parts 
of a, & are not necessarily positive. 

(4)' € (a, 6) = € (1 — - a -- 6, 6) =r: € (o^, 1 — a •— 6), 
We have 

r(i+,o+,i-,0-) 

■(l + ,0+, 1-, 0-) 






= 6^*^+^)'^^ € (n -f- r + 1, — n — m), 
hencOj since 

€ (« + r + 1, - w - w) = ( - 1) %^,^ "^ \\^;' + ^^ • • ^^ + ''^ € (n + 1, - r. - m). 

^ ^ ^ (1 — m) (2 — m) . . . (r — m) \ • ? /. 

the expression (3) becomes 

MDCCCXCVi; — A, 3 M 
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^^ \ • ' / y^ _ ly n (^^) n (9^ •— r) (1 — 7?t) . . . (?^ — m) \ 2 

or 



c/^6^^^ € (n + 1, — n — m) (^^ V F f — n, ^^ + 1,1 






where F is used with the ordinary notation, for tlie hyper-geometric series. 

In virtue of the property (4)', we have € (^^ + 1^ — n — • m) = € (^i + 1, m) ; and 

from (3)' we have 

/ , .. V , . . n 0^)^(m — 1) 
(n + L m) = 4 sm nit sm m^r , — =-7 r — ; 

^ ' ' ^ n (?^ + 7?i) 

hence, whatever n and m may be, the expression (3) becomes 

C;,'^ e^''^ 4 sm r?,7r sm mu ~ — ~ — ~ — . , F — 7?,, r^, + 1, 1 — m, —^ 

\/^ — 1/ IT (?^ + ^v V 2 

4. In the case m = 0, we have, since 11 (— m) n (m — 1) =: Trcosecm tt, 



r 

t';^ 



[ ^ ' ^'^ ' (i{^ — lY{t — /x)""^""! d!?: := c^^.er\ in sin ?27r.F [— 7i, n + 1, 1, - 



1 — yC6^ 



2 '' 



when mod. ^ (1 — /x) < 1 ; in accordance with usage we take the Legendre's function 
P^ (/x) of the first kind to be given by P^ (/x) — F ( — 7^, f^ + 1, 1 - — ~ — j, hence, if we 

choose cJ^ equal to -. — ; , we have 

-** 4ciT sm niT 

""^^^ 47^sm^^7^ J 2^^ ^ J \ r/ 

The integral on the right-hand side defines P;, (ft) over the whole plane, the 
function represented in the domain of the point 1 by the series^ being analytically 
continued over the whole plane. 

In order to obtain a definition of P^^'^' (/x), we shall first consider the case when m is 
a real positive integer, and shall then define P/' (/x) for general values of m in such 
a way that the definition agrees with the usual definition for the special case in 
which m is a real integer. 

When m is a positive integer, we may define P/'(/x) by means of the formula 

P^^ (/x) = {fj? - 1)^^^ ^~^' ; thus in this case 
^'' '^^> ~ 47r sin «,r n(n) ^ ^^ ^^ J 2". ^^ ^^ ^* ^"^ '" 
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SO that in this case c/' = -r—. ^7-r — . We shall choose this value of c^f^ for 

47r sm nir 11 {n) 

all values of n and m, thus obtaining a definition of the function P;^^ {[x) for all values 
of n and m real or complex ; P^^ (ju.) is accordingly defined by the expression 

'' ^^^ 47r sin 7^7^ 2^^ H (?^) ^^ ^ J \ / \ ^/ V / 

for unrestricted values of n and m, the phases of the expressions in the integrand 
being assigned as in Art 2. In order that this function P/' (ju.) may be a single-valued 
function of ^ we must suppose that a cross-cut is made along the real axis from the 
point 1 to— 00 , so that the phases of //. — 1, jui + 1 in (/x^ — 1)^^ are restricted to lie 
between db 'tt, the function is then, when we take into account the remarks which 
we have to make in the next article, a single-valued function over the whole plane so 
cut, the values at points Indefinitely close to one another on opposite sides of the 
cross-cut being in general different. It should be observed that the integrand in the 
integral for a given value of /x varies continuously in crossing the cross-cut which has 
no reference to the variable t^ but applies to ft only.. 
When IX in such that mod. (1 — /x) < 2, we have 

P/^(^) = 5iB_!^ n (m — 1) /^^-^--j'"' F / -- n, n + 1, 1 — m, -—" 



n ( — • m) \fi — 1^ 

The formula (5) represents the function T,/^ (/x) over that parfcof the plane which is 
contained within a circle of radius 2 with Its centre at the point fjL= 1 ; this function 
can be analytically continued over the whole plane and (with the cross-cut) the 
function so continued is uniform, and is given by the definite integral formula (4) 
which afibrds a general definition of the function. 

When m Is an Integer positive or negative, the expression (4) can be simplified ; in 
this ease the integrand returns to its Initial value after a positive turn round each of 
the points /x and 1, denoting the parts of the Integral taken round Ca^Cj CySC 
(fig. 1, Art. 2) by P and Q respectively, the complete integral Is 

p + Q -- Pe^n- ~ Qe^'^ + '^^ + ^>^- 
or 

(i~6^-0(P + Q); 

now P + Q is the Integral taken along a curve which encloses both the points 
[JL and + 1^ Q^nd Is described positively, hence, In the case In which m is an integer, 
the formula (4) becomes 

3 M 2 
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When m = we have 

1 /*(«,+ 1+) 1 
P''^^)==2^J ' Y^it'-^Yii-i-y-'di ..... (7) 

which agrees with the definition given by Schlafll 

The only case of failure of the formulae (4) and (6) is that in v/hich n + m is a 
negative integer ; in that case IT {n + m) is infinite and the iDtegral is zero, and 
the product can be evaluated by the rule for undetermined forms X oo ; we have 

, . , cosec(m + n)iT 

n (71 + ^) = " 



n (— m — n — 1) 



and the limiting value of 



sin {m + %) IT 

is 

(/x +, 1 +, ^ -, 1 -) 



(li. +, 1 +, ^ — , 1 — ) 



IT COS (m 4- n) TT 
thus 






{t^ - lY{t — fM)"'^-'^-^ log, {t - ix) dt, 



47r sin nir 

]_ r(/^+! i+? /A-j 1-) 



2^^7r cos (m + ^i) tt II {n) IT ( — 772. — 7^ — 1 ) 



(^2— ly^ (1^— /x)""^^-^""i log, (^— iti) cit 



If in (5) we change n into — n — 1, the hypergeometric series is unaltered, thus 
within the circle of convergence P/'(iu,) is equal to V^„^f{p); it follows that 
the same relation holds over the whole plane; we accordingly obtain another 
expression for P/^ (/x) by changing n into — n — I in the formula (4), we thus have 



47rsm7i7r II (- 7^ — 1) ^^ ^ J ^ ^ ^ '^ 

47rsm(iii-m)7r II (^i— m) ^^ ■'J ^ / \ 1/ 

The formula (8) will serve equally with (4), as a definition of P/ (/x) ; it does not 
appear to he easy to prove directly their equivalence. 
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As regards the formula (5). 



we may remark that 



4« 



fJb + 1^'^'"^^ 



n (— on) \fM — 1^ 



F 



71^ n + I5 1 '~" ^^^5 — TT" ' ' 



(a) When n is a real integer and m is not so, the series is finite, and therefore 
P/^ (/x) is an algebraical function. 

(jS) When m is a real positive integer and n is not so, the formula may 
be written 



P." (i^) 



2"^ n (?^ — m) n (7?^) ^^ ^ \ j « / 5 j > 



/^ 



(-y) When n and m are both positive real integers, and n > m^ it falls under 
case (^), the series being however finite since the first element m — • n of 
the hypergeometric series is a negative integer, thus P/^ (/x) is an 
algebraical function. 

(8) When n and m are both positive integers, and n < m^ case O) shows 
that P/' (jLt) is zero ; in order to obtain an integral of the differential 
equation we must take Il{n — m) P,;/"" (/x) which is finite. 



5. 





(a.) 



(5.) 



In defining the function P/' (ft) by means of a definite integral taken round a 
closed path, in which turns are made round the points /x and 1, but none round the 
point — 1, it is necessary to specify the position of the path with reference to the 
point — 1. The figures (a) and (b) represent two distinct paths for the same value 
of /x, but the integrals obtained from them will be, in general, different in value, as 
one path cannot be brought by continuous deformation into coincidence with the 
other without crossing the point — 1, which is a singular point for the integrand. 
We shall consequently specify that the path by means of which P/' (/x) is defined in 
(4), is one which does not cut the real axis between — 1 and — co , or is, at all 
events, a path which can by continuous deformation be brought, without crossing the 
point — 1, into a path which does not cut the real axis between -— 1 and — 00 . 

6. Another closed path for the integrand {t^ •— lY {t — ^)""^*-^'«-i is that in which 
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a positive turn round the point •— 1 is followed by a negative turn round the point 
+ 1. 




^fi 




Consider thus the expression 



y^-(/x2 ^ 1)-^- l' '""'' ^ 1- {t^ ^ lYit ^ ^c)-----^ dt, 



taken along the path as in either of the figures. The phase of ^ — /x will be 
measured as before ; those of ^ — 1, ^ + 1? we shall take to be such that they vanish 
at the instant when t passes in the integration through the point A of the real axis, 
for which ^ — I, ^ + 1 ^>^Q both real and positive; thus, in the second figure, the 
initial phrases ofi^— l^ t -{■ 1 atC are tt and — 2tt respectively. 

Let t — [I = (fx — t) e^'"", then the phases of fi — t are such that at the point E, 
where the line joining jjl and 1 cuts the path, the phase oi fju — t is the ano-le 
(between rb '^) the line makes with the positive direction of the real axis ; the 
expression becomes 



f.. (^S _ l^M 



(-1+, +1~) 1 



0^ + m + l).. ^^3_ iy^(^ ~^) 



—u—m—l 



clt 



Suppose now that mod. ft > 1, the path of integration can then always be so 
placed that mod. t is everywhere less than mod, /x ; expanding by the binomial 
theorem, the expression becomes 



fm(^ _ lU. i.(. + .. + i)./T r--^^'-^^-^ n (n + m + r ) 1 

^'' ^^ ^ * 2- ,fo J n {n -h m) 11 (r) /^«-^»^+ 



Y+ri^^— ly^'dt. 



To evaluate 



(-1,1-) 



(t^ — 1)^^ V clt, we may place the path so that the tw^o loops 

are exactly equal, C being half-way between the points 1 and — 1 ; it is thus seen 
that the integral vanishes when r is odd, and that when r is ev^en and equal to 2s it 
is equal to 



(+1+) 
2 1 {t^ — 1)^^ t^' dt ; 







making the substitution f = t^, we see that t' — 1, or {t — 1) (^4- 1) is such that its 
phase increases from — tt to it during the integration, we thus have 
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r(+l4-) 
Jo 



(+14-) 


^o^)^(5~i) 



which, can easily be shown to be equal to 2t sin mr . , . 

The expression with which we commenced is now reduced to the form 

J" ' 2" • '^^ ^ ,ro n {n + m) n (2s) H (7i + s + i) /^''+«+2.+i 

which is 

noon(-Jr) 



im 






^;.+m+i •*• \^ 2 ^ ' 2 ' ^ 2v^ 

When 71 is a positive integer, we have in accordance with the usual definition ol 
hence, in this case, if we take 

/*o -~ „.r 

•^^^ 4:1 sin 7^7^ 

we have 

p-{n+\)iTr r(~l+, 1~) 1 

^''^^^ 4tsm?i7rJ 2'^ ^ ^ ^ V^^ 

Defining Q;^^ (/x) when m is a positive integer, by means of the equation . 



we have 






we should consequently, when m and w are positive integers, choose /Jj" equal to 

4ism?i7r n {oi) 

We shall now assign this value to /^^, whatever m and n are ; we thus obtain the 
formula 

Q,"^ (/.) = p^ . IM^±^) (/.^ _ l)i- f ■'"' A- {^^ - 1)» {t ~ ^)-«— 1 cZ^. (9), 
^ ^'^^ 4^ sm ?i7r n {n) ^^ ^ J 2^^ ^ / \ i / 
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which we shall take as the definition of the function Q/^ (^) for unrestricted vahies of 
m and n. 

When mod. (ja) > 1^ Q/^ (/x) is represented by the expression 

The uniform function obtained by continuing the function in (10) over the whole 
plane, with the exception of the cross-cut along the real axis from + 1 to — co, is 
represented by the expression in (9). 

Vf hen n is such that the real part of n + 1 is positive, the definition (9) can be 
simplified, the integral being then reducible to one along a line joining the points i 1. 
The path may be as in the figure ; then, since the integrals along the loops round the 
points 1 and — 1 become indefinitely small when the loops are made indefinitely small, 
we have 




1 



^ ^' (t^ "»- 1)^ {t — ij^^)-n-m-"l ^l^ ^ ^^n^t _ ^-n..^ ^j _ ^<^yt (^f _ ^yn-^m'-l ^f 



ri 

2 1 smmr 



-1 



(1 — fy {t — ^)-«-M-i gf . 



hence, when n + 1 h^s its real part positive, we may substitute for (9) the definition 

The integral may be taken along the real axis, (1 — f)'^ denoting e'^ ^og (i - ^')^ where 
the logarithm has its real value. 

It will be observed that when ti is a positive integer, the form (9) is undetermined 
(oo X 0) ; we can, however, in this case use the formula (11). When n is a negative 
integer, the value of Q/' (/x), as given by (9), is in general finite, since 



sin niT , n (^) = 



TT 



U (— n — 1) ' 



if, however^ n '-\' m is also a negative integer, or if m is zero, the value of Q/* (/x) is 
infinite, so that the factor n (n + ^'^) niust be rejected if we wish to obtain a finite 
solution of the differential equation. 
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Proof of a relation hettmen Qj"' (fi) and Q,r''' (/x). 
7. If we apply to the formula (10) the known theorem 

F (a, ^, y, a^) = (1 ^ .^)y-«~^ -^{y^a.y — fi, y, x) 

we have when mod ft > 1, 

O m (^A _ ^"^^" n (n + m) ri (-^ I) . I fn^m + 2 n-^m + 1 ^ 1\ 



The expression for Q^""'^' (fx) is obtained by writing — m for m, in the formula (10) ; 
we have thus the relation 



n (n + m) n ('?^ — m) 



. . . (12) 



which must hold over the whole plane ; it is obvious that Q,r''' (/a) satisfies the diffe- 
rential equation (1), as that equation is unaltered by changing the sign of m. The 
result in (12) may also be obtained by transforming the integral in (9) by means of 
the transformation {t — /x) (^'— ^u-) = /^^ — 1, which is equivalent to an inversion with 
respect to the point /x. On making the substitution^ we find 



{fi^ - 1)'^^^ [ ' {f - 1)^^ {t - iiY"-'^-^^ dt 



= ~ (/x^ - 1)-^- 1^'"' ^' ^ {f^ .- 1)^^ (r - ^)~'^+«^-i dt\ 

Corresponding to the phase — ir of i^^ — 1, the phase of f^ —• 1 is ir; also to the 
phase — TT of ^ ■— /Xj in the case in which ju, is real and greater than unity, the phase 
of i' — ■ /x is TT, hence, in order that in the integral on the right-hand side the phases 
may be measured in the same way as on the left-hand side, the factor e^''^'-^^'''""^^'+^^^'', 
or e^'^""', must be introduced ; we thus obtain 

'("14-, 1-) 



{p? - If'' I ""' {t^ ^ ly {t ~ /x)-'^^-"^"^ dt 



ifi^ - l)-i«^e^-- f^"''"'' ' ^ (e'2 _ 1). (^' _ ^yn^m-i ^^'^ 



and thus the result (12) is proved. 



Expression for Qi' {[x) when mod (/x + 1) <^nd mod (jtx — 1) are less than 2* 
8. It will be necessary to obtain an expression for the integral 
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(//- 1)*^^^ 



r(M. + , -™l + ,/x-, -1-) I , ^ ^ ^ 



2' 



analogous to the corresponding integral round the singular points /x, 1, obtained in 
Art. 3. To define the phases of the integrand we shall distinguish the cases in which 
the imaginary part of ju. is positive, and is negative. 





We suppose ft to move from a point in the real axis for which its value is greater 
than unity, up to its actual position, the path of integration being drawn as in the 
figures ; it will be observed that as fju moves from a position on the positive side of the 
real axis to one on the negative side, the path cannot be displaced from its first 
position to the second one without crossing the singular point + l? it is therefore 
necessary to distinguish the two cases. 

In the first figure the phase of <^—- 1 at A is + 77, and in the second figure it is — tt, 
in both cases the phase of ^ + 1 at A is zero, and that of i — /x is measured as before. 

Put i 4" 1 = (/^ + 1) w? the expression then becomes 



^fjb + 1/ 



(l+,0+,l-,0-,) 



now we put 



//, 4* 1 



2 



U 



or, 



fjL f- X 



u 



u 



n 



' jJb '\- \ 



n 



U 



1 ) {tt — 1) du. 



ITT 



1 = e 1 






II, 



e (1 - -~- u 



according as the imaginary part of jut is positive or negative, in both cases the phase of 
1 - 



—77- u is zero at A, and then (l -— u] will have that value which is aiven 

2 \ 2 



by the expansion by the Binomial Theorem. 
We have for the integral 



/^ 



^ + 1 



e 



r{l+, 0+, 1-, 0~) 



u" ( 1 ' -y- it j {u — I) du, 



the upper or lower sign being taken in e'^''''^ according as ft is above or below the real 
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axis. When mod. (/x + 1) < 2, this expression can be evaluated exactly as in Art. 3, 
the result being obtained by writing •— [jl for /x ; we thus find at once 



(/^S- i)hn 



(iu+,-i+, /x-,-1-) I 



2 



n 



{t'-iY{t-[.) 



n - m - 1 



dt 



e-'^""- . 4 sni nrr sm Qiirr ■ — ^17-7 :;^ — 7 r 

11 (w + m) \/M + 1/ 



% w + Ij 1 — w. 



1 + /x^ 



^ 



. (13) 



when [jb is above the real axis, the exponential factor being omitted when fi is below 
the real axis. 



9. 





Let U M, N denote the va,.e. ef the i„te^. f(. - 1)- « - „-;-^-. * ...e. 

along loops from round the three points — 1, 1^ /x respectively, in the positive 
directions, the phases at C being as follows : 

of f — 1, TT in the first figure, and — tt in the second, 

of i + 1^ zero, 

of t — fji, — (tt — ^), where ^ is the (positive or negative) angle the line joining 
C to fi makes with the positive direction of the real axis. We have at once 



1 



(/A+, 1 + ,M-J 1-) 



(t^ ~ 1)'" {t — ii)-'-"'-^ dt = N -f Me-'-"<'"+"+'>' — Ne^'^"' — M, 



(/A + , -1+, /X-, -1-) 



{t^ -» ly'^ {t — /x)-^-^-'^-^ c?^ = N + Le-'"^"^+'"+'^^ -" Ne-"^^^ - L, 



the phases in the integrands being measured as just stated. 

To expi-ess |J.-i+' i~) (^^ — Vf^ {t — ii)"'^"'^''"^ dt, in which, as in Art. 6, the phase of 
i^ — 1 at C is "f- TT, and that of j5 + 1 is — • 27r, we have for the value of the integral 

l^^2n.. — Me-2^'^"\ or L — M 



according as /x is above or below the real axis. 
|t follows that 

3 N 3 
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or 



•(-i+,i-) 



(f -- ly {t -- iiy-''-^' dt 



e' 



■2'inrL 



1 — e-2^-^'^+^^) 



L •' c 



(^ + , I+, IX-, 1-) 



{t^ — 1)'" {t 



^yn-m-i flf 



it' 



1)"(< — /x)-"-*-Vfe|, 



1 _- 0—2,TTim+n)i, 



X tlie same expression 



e • 4 • e 



(14), 



according as /x is above or below the real axis. 

10. The relation (14) enables us to find the expression for Q,^'''(fl) in series, for 
values of /x which are such that mod. (1 + i^) ^i^d mod. (I — /x) < 2. Using the 
formulae (5), (9), (13), we find at once 



Q/' (m) = 



Tre 



mtrt 



2 sin (m + ^) tt IT ( — -wi) 



e 



7^ nirt 



^^— ^) F{~%^ + 1, 1 -m, -^^^ 






./^ + 1 



F( — n^ n -{- 1, I -- m, 



1 4- /i' 



\ -» 



9, 



(15), 



the upper or the lower sign being taken in e^''""', according as the imaginary part of /x 
is positive or negative. 
When m is zero, we have 



Qnind 



TT 



2 sin nw 



, T Hfft 



F { — % n + 1, 1, 



/i, 



2 



Fl-„,» + i.i,ii-'lKi6). 



\ 



2 



The particular case (16) agrees, when /x is above the real axis, with the result 
obtained by Schlafli, 

If we use the relation (12) between Q/'(/x) and Q,r''' (i^)> we can write (15) in 
the form 



Q.riH')^ 



Tre 



TllTTL 



Il(n + m) 1 f 3-., fa — lY"^^/ ,-.-., l — /x\ 



2 sin(?2. — 7)1) TT n (^^ — ??«) 11 (m) 



^/>t + 1/ 

\Z7i) F( —w, ^^ + l, 1+m, ^ 



1 4-/-t^ 



/ J 



(17). 



When n -\-m is a positive integer, the expression (10) shows that Q^*'^ (/x) has in 
general a finite value, hence we see from (15), that in this case 



e 



T^TTl 



.t — n, ?^ + 1, 1 — m, ~ * — 



\/^ '"" ^. 



2 






F ( — n, n + 1, 1 — m. 



1 -h 



s^; 



2 / 
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this result is proved by Hbine^^' for the special case in which n and m are both 
integers. We see, therefore, that when n -^m is Si positive integer, the formula (15) 
is undetermined, the formula (17) must in that case be used. 

When 7^ — m is a positive integer we must use (15), since (17) become in this case 
undetermined. When n + ^^^ is a negative integer, Q,/"^ (/x) is infinite, but we can 
take Qfr (f^) sin {n + m) tt as a finite solution of the difierential equation. 

When n and m are both real integers, and m is positive and > 7i, the form (17) is 
finite, but if m^n both the forms (15), (17) are undetermined, and must ba modified 
by applying the rule for the determination of undetermined forms 0/0. 

The functions V/' (jut), Q^''' (/x) are defined by Olbricht for the general case, by 
means of equations, in our notation. 



P/^ (fi) = constant (^^—-X p /«> n, ^i + 1, 1 + m, ~^~-j- 



Q/^ (^) = constant f —^ H F ( 



1111 ^ + f^^ 
71, n + 1? 1 + '^^j — ^ 



this definition of Q/' (/x) is, however, not consistent with the usual definition as in (10), 

1 

in the form of a hypergeometric series whose fourth element is 



^^ 



Relation hettveen the functions Q/", Q»,^^l"^ P/'. 
11. In the formula (15), write — ri •— 1 for n, we have then 



TTg 



mm 



Q-^-r il^) = ^r-TTf '-l^-T^-Z • 7F7-;.■^ e-^'-^>-i^^~^ Fi-n,n + 1,1- m, 



2 sin (m — ?i — 1) tt IT ( — m) 



> + l\''^-c^ / 111 ^-f^ 



\/M — 1 

/> - l\^''^Vi / , -I -I 1 + iU<' 

./^ + V \ ^ ^ ' '2 



9. 



^ 



/ 



On eliminating the second hypergeometric series between this equation and (15), 
we find 

Q/' (/x) sin {71 + '?^) 7r — Q„,^-l'"' (/x) sin {n — m) it 

= we'"''' cos mTT • P/' (/x), by (5). 

We thus obtain the formula 

* See ' Kugelf anetionen,' vol. 2, pp. 238, 336. 
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P»"'(^) = ZTZZIZZ {Q-" (/^) sin (n + m) tt - Q_„_i™ (^) sin (ft - m) tt] . (18). 

This relation which has been proved to hold over the domain of the point 
JUL r= — 1, must hold over the whole plane. 
In the case m = 0, we have 

P/i (/^) =^ ' V"" ^^'^ ^^^ "^ ^""""^ ^^^^'° 

If 71 + m is a positive real integer, we have 

2 
P7 (/x) = — — " . e"'^^^^cos mTT , Q--h-.i''' (/^). 

If ti — m is a negative real integer, the relation (18) becomes 

2 
P/^ (^) == - e-^^^^^ sin mrt . Q/^ (/x), 

we see therefore that in this case the two functions V^"^ (/x), Q/^ (/x) are not distinct, 
Changing m into — m, in (18), we have 



P,r" (ft) 



—mTTi r 



TT COS TlTT 



n (71 — m) ^ ,„ / \ • / \ n (~~^^ — m — 1) ^ / \ . / . \ 
, UJ'' (a) sm (71 — • m) TT — 777 " t; Q-.^i-./iM) sm (n-\-m)iT 

11 (71 + ?h) ^ ^^'^ ^ ^ n (-71 + 7)1 - 1) ^-''-1 v^/ \ • / 



^ ^ sm (71 -- m) TT (Q./ (/x) -- Q_,„/'^ (/x)} , 



TT COS niT n (7^ 4- 7??-) 

hence on substituting for Q_^_i*'' (/x) its value given by (18), we have 

P«~'M^) = S7rT^v|P»"{/^)-Te~''"'«^^^ • • (19)- 



11 (7^ + m) 



TT 'J 



Remembering the relation between P/' (jw.), P^,,„/" (/x), we see that of the eight 
solutions Pr(/x), P„,_i^^^ (/x), P,-"^\(/x), P„,„r"(/x), Q.r(/>o), Q-.-i^^^ (ju), Qr"(/x), 
Q-,i_r*'' (/^)j of the equation (l), six have been expressed in terms of the other two. 



Expressions fo7' P/"(-- /x), Q/'("-- /x) m terms o/*P/'(/x), Qn'M- 

12. Since the differential equation (1) is unaltered by substituting — /x for /x, 
it follows that P/'(— /x), Q/'(— -/x) are particular integrals of the differential 
equation, and are therefore expressible in terms of P/^(jLt), Q/'(/x), 
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The phases of /a + 1, /a — 1 in (/x + 1)^''', {(jl •— 1)'''^ being restricted to lie between 
Trand •— tt, on changing /x into — /x, we must put — /x— l=e'^'''{/x+l)5 ~/x + 1 =e'^"''(jii— 1), 
where the upper or lower sign is taken according as the imaginary part of /x is 
positive or negative ; we have therefore from (5) 

on substituting for the series its value given by (i5), we find tbe relation 

P„™ (_ f,) = e-- P,» (^) - ^A^i^J^Oz . ,-«». q;. (^) . . . (20). 

Again from (10), we have since (— jut)"''""^' = /a"'^'"+'. e'^^"+'"+'>"', where the sign is 

chosen as before, 

Qr(-/^)== -e*'""Q,™(ia) (21). 

In the particular case of a real integral value of n, we have 

P«"' {— l^) = {— 1 )" P«"' (/^) — ~ ( — 1 )" sin mTT . e-""" . Q,/« (/x,) 



Q„«(-^) = (-l)'«+iQ7(^). 



Expression for P/^ (/x) in powers of — , when mod /x > 1. 

1 
13. In the formula (10), the expression for Q^/"" (/x) in a series of powers of — has been 

obtained for the domain of /x = oo ; we shall now employ the relation (18) to express 
P/* (/x) in a similar manner. We find by changing n into — n — 1 in (10), 

Hence we find 
P/(/x) 

sin(^ + ^)7r ^0^ + ^) / o ^ m 1 ^^ /n + m-i-2 ^^4•m+l , q 1 

<— -~ ->- -~ ^ / I f-^ I 13^ ..- „-—__- H [ ^ 40 «.!,„ -Q- • 

"" 2"+Uos mr ' n Oi+T) H (-i) ^^ '' ^»+»+i ^ \ 2 ' 2 ' ' ' ^ ' yu,3 

n (^— I ) ,2 ^1 _ / to— ra + l m— 11 J J^\ , ^ 

+ ^ n (n-m) Ui^V) ^^ ~ ''"'^ V 2"" ' ~2~ ' ^~'' >^ ; • • • ^^^''- 
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In the particular case m = 0, we have 

^n w - 2-+1 n (n + i)nT^~i) /^^"^^ V 2 '^ ' 2 ' ^ "+■ ^' ^^ 

It will be observed that when n + ^ is a positive integer^ the expression (20) 
reduces to its second term, but not so when n + m is a negative integer, since 
sin (?2 + ^)^- n (n + m) is then finite. Heine gives^' as the expression for V^ (/x), 
when n is unrestricted, a formula which is equivalent to the second term in (23) ; his 
formula is, therefore, only correct when 7? is a real integer. 

Expressions for P/^, Q/' in series of powers of (x, ivhen mod. /x < 1. 

14. It will be convenient to obtain the expansion of Q/^ (ja), first in powers of [i, 
when mod. /x- < 1, and afterwards to deduce the corresponding series for P/' (jui). 




Taking the formula 

^ ^^^ 4cL sni niT ^^ ^ n (n) J ,. 2^ ^ ^ ^ ^- 

Consider first the case in which the imaginary part of /x is positive ; the path of 
integration can be so chosen, as in the figure, that, for every point of it, mod t > mod /x ; 
the term [t — ^)-^i-'«*-^ ^^n then be expanded in ascending powers of //,, and we thus 
find 

«-■ « = 1^ (-' - i)'-«foo iPmr- - IT'*'"' "' - ^>'"---- *■ 

Let us now consider the integral, J^"^"^' ^"^ {t^ — lyt^ dt. 

r " ^ «»ii III..II..I ii M l WC L * ii i-ii ■ " i m. i i i 3i l » iiiiii n iiii w u m .«nj«u»i »>u r./ , ^ 

Fii'st, suppose n and p to be such that the real parts of n + 1, p + 1 ^'^^ both 
positive, the path of integration may then be as in the second figure, the loops round 

* ' Kiigelf unction en,' vol. 1, p. 38. 
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the points 1, -— 1 being indefinitely small, and the semi-circles round the point being 
so also ; the parts of the integral taken along the loops and semi-circles in the limit 
vanish, and we have only to consider integrals taken along the real axis. The integral 
consists of four parts, the following : — 

(1.) From to — 1, phase of t equal to ■— tt, and the phases of if — ■ 1, ^- + 1 

equal to tt, — iir respectively. 
(2.) From — 1 to 0, phase of t equal to — tt, and the phases of ?^ — 1. ^ + 1 

equal to tt and respectively. 
(3.) From to 1, phases of ^, ^ — 1, <^ + '- <'qnal to 0, tt, respectively. 
(4.) From 1 to 0, phases of ^^ ^ — 1, ^ 4- 1 equal to 0, — tt, respectively. 

Taking v for the modulus of U we have in the first two parts of the integral 
t =z ve"'"'^ and in the other two parts ^ == i? ; hence, the integral is 



(1 _ r^j^Y qjP (e^^^^ . e-2^"- . ^-P + Uir _ ^rurr ^ ^ ^ ^-p + Urr ^ ^Mn ^ 1 ^ 1 _ (.^'Un , 1 ^ l) ^^,^ 



or 



(e'^^^ — e"-^'^^) (1 + e"-^""') (1 -- v^fv^' dv 



•1 



which is equal to 



2t sin niT . (1 + e"^'""') . 



n (n) n 






2 



n n + — : 



p + 1 



To show that the result is the same, when the real parts of ^i + 1, p + 1 are not 
both positive, we find by integration by parts 



f 






J9 + 1 



(-l+,i-) 



{t^ ^iftP-^^dt, 



and also 



r(-i+,i-). 



\t^ ^ lytPdt 



2'?^ +^ + 3 r(-i+, 1-) 



2n + 2 



1 



{t^ ~ ly+HPdt. 



By successive use of these two formulse, we find 



f 



(-1+, 1-) 



n 



'P-±l + n + s]u^^^ ^ 



{f — iYtPdt=z{ — ly 



9, 



n/'^^+rAnfc'-+s 



9. 



2 



X 



.(-.1+, i») 



(^^- ly^H^'-'^'dt, 



n f— — [-n-^-s-^-X 
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where \, s are positive integers which we can so choose that the real parts of 
fi ^ X ^ l^ 23 -\- 25 -j- 1 are both positive, in which case 

n (^i + X) n fp^ ^f^ ^\ 



(-1+,!-) 



(^2 _ ly + X IP+2S ^^ _ ^ g-jj ^^^ + X)^ , (1 _ e-i^ + l + 2..rr^ 



n { ^Z' + X + 



j9 + 2s -f 1 



whence we find, as before. 



X--14-, 1-) 



{t^ — ly tPdt—L sin n^r . (i + e~J^"^) 



n (n) n 



2 



n f 7^ + ^^^-^ 



We have now, letting p = ^ ^ — m -—' r — 1, 



/, — (?t+l)t7r 



t ^ t Sin 7i7r ^ 



Q«" (/>^) = "^T--::r_ (i"-'- 1)^" ^^i^^ s (1 - e<--"+'->-) 



4:L sin '?i7r 



2-n (fi) ,.0 



ir(r) 



n(7^)n(-'^^±''^-i 



n 



n—Qii—T 



i^' 



n (^ — ^"^^^^ ^ - 1 ) n C/i + m + 2 

.=0 n(2s)n^" ''^ ' 



2»i + 2 



bmIww 



g— (%+l)tir s=oo 



n 



^t^^^^i".^ _ 1^ n (51 + m + 2s + 1) 



2« + 2 



(1 + e 



(»t+'»Ojrt 



« = 



n(2s + 1) n 



'^1 ■— m — 2s — 1 



->/x2^ + i. 



By the known transformation theorem H (— a?) II (a? — 1) = 'jt cosec xtt, we have 



n ( 11 n I ^ - 1 I cosec I :r~ • + 1 I tt 



II 



'n — m ■•- 2s' 



n 



^n + m + 2s' 



m — n + 2s' 

cosec f --^— T 1 TT 



-^ /m — ?i — 2 . \ . m — 71 

n ^ 4- s sill TT 



n(^'?^+^^ + . 



. '?7i + n 

Sm TT 



also 



' -— Tti — ^?i •— 2s — 1 ^ -, 



n 



m — !?i + 2s •— 1' 



cosec 



'in + 7^ + 2s + 1 



+ 1 1 TT 



■2 



n 



'?!■ — m — 2s •— 1 



n 



'n + m + 2s + 1 



'm — fZ' + 2s + 1 

cosec ( — — ^ ) TT 



n 1 1 h S] cos TT 



2 



5> 



n ( ■ 4- S cos --— TT 
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hence the expression for Q„"* (/x.) becomes 



Q/'M- - 






\n-\- 






2 






n+m 



.) 



/n + m + 1 m—n , o\ 



g(m-«)!^ 



m — 7^ 



-1 — 5^^r?r (/^^ - 1 )'"' COS"-;" 77 . 



U(7i + m + l)u('^^^^~~^] 



2 



n 



'^ + m4-l' 



/aFi 



'ii^n (24). 



The known transformation 



gives us 



and 



also 



^SM — n2^ n (g? - -1) 

n(a:) n(-~i) 



n (% 4- w.) 

^ /n -f- "^^^ 
9 



n 



% + m — 1^ 



?i+m 



n 



1 

2/ 



n («. + m + 1) , , , 



El 



n + m 






'n + ^?i + 1 



2'. 



2 



II 



1 



n 



/m — '?^ -— 2' 



^ ^ 2 — m\ 

TT OOSeC f — TT 

9. 



n 



n — m 






^m — n — 1 



TT COSeC ( — -^~- -~~ } TT 



o 

.a 



n 



n — m — 1 



henee the formula (24) may be written 



jj hi + '^'^^ "r J- \ -r-r / j-v 

Qr(f^)— ^V^2^^-^ "hr^ {P?-^--^ 



n 



'n + i?i 4- 1 m — n ^ ^\ 



2 7 



nr^t"i|n(-i) 

J^gim-n)-^ 2m — _A 



/ 



n 



n—m- 



p— (/x^-lp/xF 



fm-^-n-hl m + 7i + 2 



J — 



2 



^hfjin . (25). 



15. Next suppose the real part of /x is negative/the path of integration in the 
formula for Q/'(/x) may then be placed as in the figure, in which the line joining 
C and fi passes through the point t = 0, At C the phase of i^ — /x is — (2?? — 6), and 

o O ^ 
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that of t is 6^ so that the phase of 1 



(J. 



fj. 



, is — 27r. thus 1 — • 



■ii—m~~l 



is equal to 



^2(n+m)7n -j^ij-Qgg i}^q vahio glvon by the Binomial expansion ; v/e have therefore 



Q/ (/x) = 



^ — {n+l)LTT 



1 



2i sin jiTT ' 2" n (n) 



(^7 J (7 



The value of (i^^-- 1)'^ t^ dt may be found as before by first considering the 

case in which the real parts of n and p are greater than unity ; in the present case^ 




the phases of t are rr in the integral from to ---1, and from —1 to 0, and zero in 
the integrals- from to 1, and 1 to 0, hence the integral is equal to 







{l—v'^Yv^ (e'^'^^e-^^'^^e^'+'^""— e''^\ 1 , e^'"^^^^ + (f""' . 1 . l — e"'''''' . 1 . l)dv, 



or 



(6'^^^ — e~'^"^) ( I + e'^'^^) . 1 



(n) 



'p ^ 1\ 



9, 



(n -f 



p 4- 1 



The extension of this result to the case in which one or both of the quantities n, p 
have their real part^ greater than — • 1, can be made as before. 
We thus find after reduction, as in the preceding case^ 






'n + Til — - 1' 

2 



{-¥) 



'n + 7?i + 1 m ■— n ^ 



n •— til 



2 2 



• (/x^ •-" 1)-- Jj I ^ ^ ' —;--^ t, /x 



2 



[ , ^{fm+|u)7r(,^ 2^^\ 



9~ 



("i) 



n 



71 — m 



1 



(/x^-1)*^>f( 



7?'l •— 71 -f 1 7?l -h 71 4- 2 






2 



2 



' b J /^ 



. (26), 



2 



which is the formuU that corresponds to (25), 
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16. In (25), change n into — (n + !)> we then find, after some transformation of 
the numerical factors^ 



^-n-l (/^j 



n + m 

cos w 

2 



gin ---^^~^-- TT n(-— - 

sni — - TT n ( j TI (•— i) 



On substituting these values of Q/' (ja), Q^J^™l'''^(jW.) in the formula 

P/^ (u) = — ^ — (Q/^ (in) sin (ti + ^'2') ^ "^ Q-^-i''' (m) sin fti — w) tt], 

. '^ TT COS ^ITT '^ ^ ^ 

we find, after some reduction, for the case in which the imaginary part of ju, is 
positive, 

rym/ \ -.mm am ^ + ^^ \ ^ / / S i \%« T? A^ + ^' + ^ '^^^"^^ I 2^ 

P/ il^) = ^ ^''''^ 2"^ cos - 2- Trr - "t;^^^ (/x^- 1)'^^^^ F / — ~y^-. —^^ X^ ^2 

jj — ^ — 

When the imaginary part of /x is negative, we obtain in a similar manner a formula 
which differs from (27) only in having the exponential factor e"'''' instead of 6"''"'''. 

From (27) it is seen that when m -^ n is an integer, only one of the two 
hyper-geometiic series is required to express P/' (/x), the first or the second according 
as ti + m is even or odd. 



Definition of the functions P/', Q/'/or real values of //. ^dMcIi are less than unity. 

If. The functions P/'{/x), Q,/^ {jx) have been defined as uniform functions of /x for 
all points in the plane of jli in which a cross-cut is made along the real axis from 
1 to — 00 ; at points indefinitely close to one another on opposite sides of the cross-cut 
the values of P^r {p) or of Q/^ (/x) will in general be different. We shall consider first 
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the values P/* (/x + • i), 'P.f (/x. — . i) on opposite sides of the cross-cut for real 
values of ft lying between the values ± 1. 

Referring to the expression (5), we see that in this case 

P,-(,. - . .) = n^^ e«- (14-^)'" F (- „, „ + 1, 1 - m/ - "' 
hence we have the relation 

= nc^, (^rztf F (-»,»+ 1. 1 - », '-i-^) (28). 

It is convenient to define the function P/^ (/x) for real values of /x between + 1 and 
— 1. in such a way that its value shall be real for real values of m and n ; the 
definition which we give is that for such values of ji^ 

P,,^ (/x) = e^^^^^^ P/^ (fi + O.i) — er^''""' P/^ {/x — . t) 

1 /I + M-^'^ -^ / 1 — ju,\ 

- ^^^^ (j^-g F ( - «, n + 1, 1 - «., — ^] . . (29). 

From (27), we find in this case 

/n + Qn — 1\ 

fn + !?i" 
, ^,_, . « + m \ 2 / „. 1 /m+?i+2m~«+13 ^ 

+ 2» sm -^ TT . --7-_,^_n 71-^ (I - f.^)-» F ( ^ , ^ , 2> F^ 

when (1 — ii^Y'^' denotes e^^'^ ^^^^ (^ - '^') and log^l — p?') ha^s its real value. 

We see from (29) that when m is zero^ or an even integer, the values of the function 
on the opposite sides of the cross-cut are equals so that in this case the cross-cut is 
necessary, so far as the function P,/^ (/x) is concerned, only from — 1 to — - oo . 

18. Next, let us consider the values of Q/^' (/x) on opposite sides of the cross-cut for 
values of jtx lyiug between ^ 1 ; from (15) we have 
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Q,/» (/>i + . i) 



ire 



min 



2 sin (n ■{■ m)ir 11 ( ■— m) 



1 — fjbj \ 



% n+1, l-^-m, 



f^ 



and 



Q,r (/i - . t) 






\ 



2 
1 + fl 



J 



•re' 



?M^t 



2 sin (t^ + w^) tt II ( — wi) 



L_|e(«HmKY^^±^Y™F( -n, n+1, 1-m, "-"^ 






e 



-^inTTi , 






2 



from these equations we find 



} +/^> 



IP I «_.y|^ n-^l, I — -m, 



1 H-/^"^ 



2 ^'^ 



g-j»m Q_ m (^ .^ . t) - e-'"^' Q.;" ill -O.i) 



it6 



miTt. 






jjuy 



hn 



1 



fl 



2 sin {% 4" '^^i) TT n ( — t?i 



.^ (^-(.4-m).. _ ^(.+ ».)..^ / _^j 1,1 , _^^ ^^_^ j^ J _^^^ -_,. j^ 



hence we have the relation 

e-^"^- Q/ (jLt + . 6) - 6^^^^- Q,f (/^ ^ . t) = -- i^ e-- P, - (/x) . . (30), 

where P/' (/x) is defined as in the last Art, In the particular case m= 0^ (30) reduces 
to Heine's relation 

Q« (^ + • 4 -- Q« (/* •— . t) = — m P,, (/x). 

It is convenient to define Q/' (^) for real values of ^ between + 1 and - 1 by 
means of the equation 

e-- . Q,- {p) = 1 {e--- Q/^ (^ + o . t) + e^^-- Q,- (^ - o . t)} . . (31), 



which gives us 



Q/l/*) 



W 



2 sin (w + m) tt II ( — ni) 



cos 






■% m+lj 1— '^•B^ 



X. ~~~ iUi 



a 



/i 



\i + fi^ 






1 + /i^ 



e have also 



Q/^(ju,) = — 2^^^"^! sin —r-' TT 






1\ 

2/ 



n 



n—m 



(1 



•?» 






^ 



2 



M— 1 



+ 2^^^*^-^ cos 



m^~n 



n(-I~-ln(-|) 



ia 






M— m— -1' 



/i 9\^ ^/m— w + 1 ^4^^4-2 o „ 
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In the case m = 0, (31) agrees with Heine's definition of the function Qn{l^) for 
real values of fi between ± !• Objections have been raised by Schlafli to this 
definition of Q,, (/x), on the ground that the function does not satisfy Legendre's 
equation. There does not, however, appear to be in reahty any question of principle 
involved ; it is merely a matter of convenience to give a definition of Q^^ (ft), which 
shall give real values of the function in the real axis, when n is real It must, 
moreover, be remembered that although we have drawn the cross-cut along the real 
axis, it might have been drawn along any Hne we please joining the points Jb 1; ^^^ 
thus the function Q,, (jn) may be regarded as satisfying the differential equa.tion of 
Legendrb for points in or near the real axis, the surface over which the function is 
uniform being a different one from that which we have hitherto postulated, and the 
function being a linear combination of the two independent integrals of Legendre's 
equation which we have defined and used. 

19. For values of /x near that part of the real axis which is befcv/een —1 and -co , 
we see from the expression (10), that 

Qr(fi + 0.t) 

^ '''''' n(n4-m)n( ^i) .u.. .-(.^n.. L^^^^^_ "p A-^i-'^^ '1±I^ ^,3 1\ 

Q,- (ft ~- . t) 

^ f^ n(^ + m)n (ri) / ._ . um ^c.+d .. . l i^ [n + m+2 n + m±l 1\ 

"^ 2^^+i* n (n + i) ^^ ^ ' • (™/.y'^+^'^^^ V 2 ' 2 ' '^ 2 ' /.V * 

where (ft^— l)*""' here denotes (^^'^'^^seii^^-i)^ ^i^q logarithm having its real positive value ; 
we thus have 

e^'" Qn' (ft + . t) = e~""^ Q,;" (ft — . t) . . . . , . (32) 

and we may define Q,^ (ft), for real values of ft between — 1 and — co , to be equal to 
either of the expressions in (30) with its sign changed, thus 

O .n(s ■_■,., ^"^^ ■ n (n + m) n ( -i) , 1 ^[n±m + 2 n + m + 1 ^ ± 

where (ft^ — ■ 1)'''' has the meaning given above. 



To express the relation between P/'{[jl), P/(~-ft), ^/'(ft), Q/'(— /-x) whe7i fi is real 

and lies betiveen ± 1. 

20. We have from (20), if 6 lies between and ^w^ 
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P„'» (- COS ^ - . i) = e— ' F,r (cos ^ + . t) - ^^RS!L±J^ g-m.. Q^n> (cos 6* + . i), 
hence 

gimm p^m ( _ cos (9) 

_ g-«.. _ g-i»m p^„ (cQg ^^ _ ?iHL(!L+J?05 g-m« _ gi^m ^Q^« (g^g ^) _ 1^^ p^« (g^S 61)}, 



or 



2 sill f'??' ~l~ ')7tt IT 

P,f (— COS ^) = P/^ (cos l9) {e-(''^+'^^>"^ + I sin (?i + m) tt} — ^ - Q,f (cos 0) 



hence we have 

2 
P/^ (— cos (9) = P,,^ (cos ^) cos (7^ + m)7r — -7 sin {n + m) tt . Q,/'^ (cos ^) . (33). 

k 

It is easily verified by means of the formula in Arts. 17 and 18^ that when = ^rr^ 

(1 ■— cos n + m tt) P/' (0) = sin (n + ^) tt . Q/' (0), 

hence (33) does not involve a discontinuity in the value of P/^ (cos 6)^ as $ changes 
from to TT, 

We have, also w^hen is between and ^tt, 

Q/' ( — cos ^ - . t) = - e"""' Q,/ (cos ^ + . t), 
or 



e '^ 



SmTT r 1 



/TT 1 ^'^LT r ITT 

Q;i- cos ^) + f Pr(- cos ^)[ = -■ e-^ . 6 ' |Qr(cos ^) -.~P,-(cos^) 



hence, by means of (33), we obtain the relation 

Qn'H- cos 0)= ^ Q,r (cos 0) cos (r^ + m) tt - Itt sin (n + m) tt . P/ (cos ^) (34). 
When m and n are real integers we have 
F/" ( - cos ^) = ( - 1 y'^+«^ P^^ (cos 0), Q J^ ( - cos ^) = ( - 1 f^^'^' Q,- (cos 6). 



Expansion ofP^' (fi), P^^ (/m) in poivers of }i — s/fx^ — 1. 



21. If we make (fx ■— v^/x^ — 1)^, for which we shall write £, the independent 
variable in the differenHal equation (2), we find that the equation takes the form 

MDCCCXCVI. — A. 3 T 
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Let W = ^^^''^'''^^^ W; we then find, on substitution, the following differential 
equation for W : 

f(l-O^' + {(^ + l)-(n + 2m + |)^}^'-(n + m+l)(m+i)W' = 0. 
Compariug this with the equation, 

d^W^ dW^ 

f (1 - 0^+ {r - (^ + ^+ 1)^ ^f - ^^w' =: 0, 

which is satisfied by W = F (a, /3, y, |), we see that ii a = n + m + 1, fi= m •+ ^, 
y = 7Z + f , the equations are identical. It follows that our fundamental equation (l) 
is satisfied by 

or by 

/ 1 

Vg = z''"''' {li? — 1)'^ F f i + m, m — n, i — n~^ , , 

where z denotes /x + \//^^ — !• 

In z we suppose \//>c^ -— 1 to be measured as hitherto, so that it has a single value 
at every point of the /x-plane in which a cross-cut is made along the real axis from 

4- 1 to — 00 . 

It will be seen that mod z is greater than unity over the whole plane, the real 
part of -sZ/x^ — 1 having the same sign as the real part of fc ; on the imaginary axis 
z is purely imaginary. 

In order to express the solutions V^, Y^ in terms of P/'(/x), Q/'(/x), it will be 
sufficient to compare these solutions for values of ]a whose modulus is very large, with 
the expressions (10), (22). 

These latter formulae show that for such values of /x, the principal parts of Q/ (/x), 

P/^(/x) are, 

6''-'^- n (n + m)n(-i) ,3 _ . .,, ^,™(.+m+i) 

2^^ "~ n (^ 4- i) ^^ ^" ^ 



2 5 ^3 / ' 



2"+icos%7r n(^2, + i)n(-i) ^^^ ' ^ ^ n(%-m)n(-i) ^ ^ ^ 

respectively ; for similar values of ju. we have 



— m 



Y, = (2/.)-—' (i^^ - If », V, = (2/.r- (/.^ - 1) 



Im 
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It follows that, since V^, V^ must both be linear functions of ^/'{a), Q/'{ju); 

Q,»(^)=2-e'- 5i^^±^ip) (^;2_i)W,-(«.™.i) F ^+ni, n+m+1, n+f, |j (35). 

n f 7^ — X) / 1 \ 

+ 2- n (Vl^jpf^^ (/^' - 1 f' ^'-'' F ^i + m, m --^ ti, 1 -- n, ^) . . (36). 

These formulae, (35), (36), are the expressions for Q/'(/x), Pu' (h) in series of 

1 
powers of — ; the series are convergent over the whole plane. 

In the particular case m = 0, we have 

The particular cases of (37), (38), in which ?^ is a real integer, are given by HErnE/''" 
It will be observed that the case of a real integral value of ti is the only one in which 
P,, (/^) is represented by a single hypergeometric series. Exceptional cases of the 
four formula) will be considered below. 



A Second Class of Definite Integral Ex^pressions for Pj"' (ju), Q/^ (ju). 

22. By using the definite integral forms which satisfy the hypergeometric equation, 
we see that the expressions 



% 






— u — m — 1 



satisfy the differential equation (]), the integrals being taken along closed paths, 
such that after a complete description of such path the integrand attains its initial 
value. 

* See ' Kugelfiinctionen,' vol. 1, p. 129. 
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In (A) or (B), n may be changed into — r^- — ■ 1, and m into — m ; we thus have 
eight different forms which satisfy the differential equation, and as in each case two 
independent closed paths may be chosen, we obtain, on the whole, sixteen definite 
integrals which satisfy the differential equation (1). We shall proceed to express 
these definite integrals in terms of the functions P/' (/x), Q./' (/x). 




Consider the integral (A), the path of integration consisting of a loop described 
positively round the point 1, followed by a loop positively round 0, another negatively 
i-ound 1, and lastly a loop negatively round 0, When the loops are placed as in the 
figure, we shall suppose that the phases of it, 1 — tt initially at A are zero, and tliat 



the phase of 1 ^ is zero at B ; when the loops are displaced into any other position 

the proper phases will be obtained by the principle of continuity. We have then 

^n + m + l J ^ ^ \ Z^ / 

^n+m + i ^,^^ n(r)n(^m — 1) Z^'' J \ / ^ 



now 



f 



0^+r+^-^ ^ (n + on + 1) . . . (n + m + r) . 



(71 + I) . . . (7^ + r + i) ^ ^ ^ n (71 + i) 11 (7?Z - ij 

Hence 



g^ + m + l J ^ ^ \ Z^ J 



n(n-i-on) (fi^-l)^^ 



du 



i-rii 



Comparing this result with the formula (31), we have 



^2 



47r sm (72. + m) TT ^^^+^+1 J ^ ^ \ ^7 v / 



(l + ,0-4- l-,0-) . . / '^^\-^"-«^ 
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If in this expression we put u = hz, and make h the independent variable, 
we have 



Q/^(^) = te^m-n).c^ 2^^ 



n(m-i)n(- 



47rsin (n + m) tt 



l^(/^2_l)|mj( 



1 1 \ 

;+, 0+, ^-, O-j 



Ih 



u+tu 



(i-2/iA+F^r+^ 



c 



ih (40). 



In the particular case m = 0, we find 



Q^. (/^) = 



le 



— wm 



4 sin nir • 



'(j+, o+, --, o~) h'' 



(1 -- 2/^/2. + h^f 



idh . 



Using the theorem (12), we deduce from (40) the formula 



• « 



• I TC 1. /• 



m 



Q/'{lx) = ie^^>^"n)n. ^ 2-"' 



n {n + m) n (~ m - !•) n (~ |) ^ g 



n {n — m) Air sin {% — m) tt 



— im 



(/*' - 1)~* 



(]+,0 + , J-, 0-) 



h"- 



■M, 



(1 - 2^A + /l2)i- 



- dh (42). 




It will be observed that in the formulae (40), (41), (42), the phases of the 
integrand are to be measured as follows : — Draw the figure in the /i-plane corre- 



1 
spending to the figure we have drawn in the te-plane ; the points 0, -7 correspond to 

the points z^, 1 respectively ; the initial phase of h at A is to be the same as that 

1 . 

of "^, and will therefore be zero at the first passage through ; the phase of 1 -^ hz 

in the product 1 — S/x^/i + h^, which equals (1 — fe) ( 1 — -^), will be initially zero 



h 



at A, and that of 1 will be zero ac B. When the figure is displaced in any 

manner the phases can be found from the foregoing specifications by means of 
the principle of continuity. 

23. If the real parts of n + '^ + 1 ^^d ^ •— m are positive, the integral in (40) 
can be reduced to the form 



Jn 



M+ 



m 



(1 - 2fMh + hj''+^^ 



-dh, 
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thus we have 



cos rriTT 



I J/ii + m 



q/' (f.) = e-- 2ni (m ~ 4) ri (-i) -^ {p? - if" j? ^y^^;j;;^^^,dh (43) 

when the real parts of n + m ■-{- I, ^ — m are positive. 
In particular 

Q« (/^^ == f : (T^^^TTX^y^ ^^ ^^^^ 

provided the real part of n-\- 1 is positive. 
Similarly we find from (42) 



provided that the real parts of n •- m + 1 , m + ^ are positive. 

1 
In the formulae (43), (44), (45), change h into y, we then find 



cos QUIT , .. . . . _ r"^ IV^^ ^^ ^ 



q,r (/x) = e"- • 2« n (m - i) n ( - 1)^^ (m.^- i)*- )^ (i „ ^m + /^r^- "^^^ ^'^^ 

when the real parts ofn + m+ 1, ^ — m are positive. 

Q« (/^) = J /(rir2M + a¥ "^^ (47) 

where the real part of n + 1 is positive, 

Q/^ (/x) = e"^"^2~^'^ v___. i_^____2A^ ^^ »» 1) ^™ ~ -~ ,.,..„, a/i . (48), 

^'' ^'^^ n (^^ — 77i) n (m — J) '^ ^ J^ (1 — 2yL67^ + A^)^ "* ^ ^' 

when the real parts of t^ — m + 1, m + ^, are positive, 
24. Next, consider the expression 



r(l + ,s2_) / ^^x_l_,H 



Suppose that the phases of u, I — u are zero, when the point A in which the path 

If 
cuts the real axis between and 1 is reached, and that 1 — — has its phase zero at 



z 

10 . 



the point B in which -- is real and less than unity. 
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Transform the integral by means of the equation u = z^ --' {z^ — l)v^ so that v is 
the independent variable, we have then. 



(/x^ — lY"z-' 



■(i+,o-) r 

i — m—l I ^2{n-\rii) J i 



1 - -V\v 



Z' 



n-\-m 



— m 



{z^ - 1)-*- 



{V 



|)-4-m/ 



-^ 1 , 



1 



z' 



v~-'~'''{z^ — 1) dv, 



or. 



(/>t^ — if^z^+^^^'{z^^ 1) 



(l + ,0-) 
-2ml J ^ 



1 — 



t? 



2' 



n + m 



(v -— I) '' '''^t^"''' '"^dv ; 



in this integral v ■— 1 has the phase zero at that point of the path in which v is 
positive and greater than unity ; this expression may be wrii;ten in the form 



I/O \ 1 X. ^ / X / 1 \^ Il(n -\- m) 



'(l + ,0-) 



z^J n (71 + m^ — r) II (7^) 



^^-A-m + r 



' (t? — 1)""'^ '"cZ?; ; 



now 



r(i+>o-) 



t'~*-^^+^^('y 



1)~'^ w ^^/^ -^ 2t cos mir . 



n ("" 2 "~ W n (~~ 2 ~~ ^ + ^') 

n ( - 2m + r) 



hence the expression becomes 



1 



22 



m 



{lJi^-l)-^"'Z 



V. a. n(— i — m)n(— A — m) 



n(- 2m) 



2t cos m7rF( --- n -— m^ ^ — m, 1 — 2m, 1 ■— 



1 



z 



2 /' 



or 



1 



22 



m 



(/^^ - 1)-* 



—km r^ti + ?n 



7J 



n (2m - 1) 



o . 47rt sin rnvrF f — n 

\ 



m.^ — m, 1 



2m, 1 — 



1^\ 



y3 /' 



or 



(/^^ — l)~^^^^^+^2i sin m^r . 



n(m -i)n( -i) 

n (m - i) 



F 



— nmi. i- 



?'^ — m 



^ 2 



m, 1 



2 m, 1 



1 



Z' 
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If we use the known transformation 



F {a, 13, y, x) = ^;^ . : "?.TT/!" ^-^^N F (a, /3, 1 + a + /3 - y, 1 - a;) 



+- 



n (7 — a. ■ 

- n(7-7^i) n (7 " /8 - 1) 
n(« + /3-7- i)n(7-i) 



U(a- i)n(/3- 1) 



(1 - x)y-'^-^F{y -a,y-^,y-ct~fi + l,x), 



we find for our expression 



9 • / 3 1 \-m n+» n(m-i )n (- i) J ^o^-i)^(-2m) 

ZtsinmTT.^^ - 1; = z n(m-i) tn('/i - m) H (- m - i) 



F ( — n — m, i 



m, 1 



w, -; ) + 



U(-n-i)U{- 2m) 



'(0" 



n(— % — m — i)n ( 



/ 



F { n — m + 1, — m + 4 f + ^ 



1^ 



' .p. 



2 



m) 



.^-2n-.l 



which can be written 



^1 (/^' - 1)"^ 



in 



22' 



n (m - -1) 



n (^ - i) 
n {11 — vh) 



2»+™ F — '/? 



m,\ 



cos ihiT n (a + f ) 



W, \ 



«^. ¥ 



W, 



0^ 



m. w + 



1 \ 



2' «2 



or. if we use the transformation 



F («, A r> ^O = (1 - *)^""~' F (y - a, 7 - A 7, 03), 



it can be written 



Ijn — r I]> 1) „ ,2 _ . .„ F (i 4. „^, m 

n (m - 1) in (^ - m) ^'^ ^ V2 -r , 






+ "tj—-' lirl -"- (-' - ')'• F (4 + ». « + » + 1. » + I, i 



on referring to (22), we see that it is equal to 






we thus obtain the formula 



Pm 



(/^) 



2 



i ^ n (m 



IT 



n( 



^) 



ll^.n-m-l (^^ 



9. 



If 



m 



(l+,s2-.) 



n 



n+m 



(1 - t^)-^-^" ( 1 - 



U 






_A_ 



du (49) ; 
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on making the substitution u = hz, this becomes 



or 



h''-^ 



m 



(1 - 2fih + A^)"'+* 



rdh, 



P/' M 



1 

~2Tn 



A"* 



tn 



n (-- i) ^^ >' J (1 - 2^ji + A3)^-H 



(iA . (50). 




h 
In this integral the phases of 1 — ■ hz, 1 are to be zero at the points M, L in 

. 1 
which the hnes joining the points — , z to the origin, cut the path. 

In the particular case m = 0, we have 



P. (ft) 



1 {(^^A-) 



/I 



n 



2'n-i 



(1 - 2iih + py 



^^dh, 



which is reducible to 



P» ill) 



\a- 



Tv 



n 



2-171 ]{\. -2ijJi + ¥) 



7,3\i V*^ /' 



1 



the integral being taken along a closed path which includes both the points z, 

and excludes the point 0. 

By changing n into — {n + 1), we obtain the formulao 



P/^ in) 



1 ^ n (m -— i) , ^ ^^1 f(^+'7~) 



J}M~n~l 



(1 - 2fMJi + A3)«+i 



dh . (52), 



P» (H') 



2lTi 



J^~n-l 



(1 - 2/iA + h^y 



dh 



(53), 



the integral (53) being taken as in (5i). 

25. Next consider the expression (B), the path being the same as in Art. 22 ; we 
find 
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1 \hn 






r(l + , + , l-,0-) 



^'^^"1 (I ^u) 



n—m 



10 



■n—m— I 



du 



il^' - 1)^"' ^ n (.?. + m + r) ^ ^a+,o+,t-,o-) ^^^„,_j^.^ 



!,^+«i+l 



n (?') n ill + ??i) s""* j 



uy-^'du. 



Now 



(1 + ^0+, l-,0-} 



it 



■r-\-m- 



■^ (1 - 'i^)^^"'^^^ (it^ = e^^^+^'+i>'^ e (r + m + I, n — m + 1) 



^(.+.-M).. ^ (_ ly ^?L±iIi^ € (m + i. ^^ - tn + 1) 



p{ii-\-l)nT 



(m + I) . . , (??^' -f 7' — -1) 



n {m — I) n {n — m) 



{% + I) . . . (^ + r + 1) ^ ^ n (71 + i) 



bence the expression becomes 



^(w+f)t7r ^ I ^^g ^^^ ^ gj^^ ^^^ _ ^.^^^^ 



11 (m — I) n (7t — m) (p? — 1)^«* 77, / , , -, .1 , q 



.3 r 



Comparing this with the expression (31), for Q/' {p.)^ we see that 



Q>r(f^) 



.j())i-}i)i7r ^, 



9»^ 



n ((11 + ^^0 n/— I) (/i^ -- 1) 



liwi 



4 cos w TT sin {% — 7?^) tt TI (ii — ^n) 11 (m — |) ;5«+«t+i 



*(l + ,0 + , 1--, 0~) 



u 



w— |- 



( 1 ""^ tlj 



n-^m 



U 



%' 



n—m—\ 



du . (ft 4). 



26, We shall now consider the expression 



(ji^ ^ 1)^«^ 






/•(! + ,.#+, l-, 2=^-) 



V/^"*(l — wf-^'^/l 



?/,' 



•%- m—l 







:l'e^. 



m 



Using the transformation %h 



% 



% , / /yAi 



{z^ — l)r, the expression becomes 



{p? - 1)^-^™ 



yu\m r(l + , #+, 1-, 2'-) r 

2'-" 



1 



1 



«l-l 



^3 



t' 



(.^1) 



.,^„, ^"^^-»^-i i,x\ 



Avhich can be expanded into the form 



(^«~i)- 



..,,g"+"' ^ n(TO- i) 



22« -n(r)n(m-r-i) 



(-l)'fl 



1 \'' 



(•a+,3'+, i-,s*-) 



\ 



?'2 

»0 



(^-1) 



Jt— m ^.r— Jt—m— 1 



dt;. 
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Now 



[ 



4! + , z^+, l-,z^~) 



iqj 2y^-})^ ^r-n-'m- 



^ dv = e^''-2«^+^)^^ g {ji — rn + 1 '^" — - n — m) 



^ ^ (1 — 2m) (2 — 2m) . . . (r — 27?^) v 1 ^ / 

-9^,^, ( — ^^— ^^0 • •• 0'— ^^—^ — 1) . • / \ • / . \ n(7i — m)n(— 71— m— 1) 

— e ^''^''' —7: — f-^- -^— ; -^"-^- . 47rsm(n — m)7rsin(n-|-^^)vr — — 



(1-— 2m) . .. (r~-2m/) 



n(--2m) 



, — 2?/i7n 



e '■'""\2^''\ 27^sin2m7^sin(7^— m)7r 

n(7i-~m) n(m--^)n(m— 1) {—U'-m).., {r—n — m—l) 



n (72. -f ??? ) 



n(-i) 



(1 — 2m) . . . (r— 2m) 



Thus the expression becomes 



e ^'"''^27rsm2m7^sm(9^— m)7r 

Tl{oi—on) n(m — •|-)n(m-— 1) 



n(r^-f m) 



n(»4) 



^n+m^^3_j^-imp/l_^^ — 7^-m, I — 2m, 1 — 



\ 



^3 



As in Art. 21, this expression can be shown to be equal to 



■2m7rt 



^0 • / \ n (n — m) n (7?i — i) 1 -^ / V 

^ ^ Il{n + m) n ( — i) 2^^^ ^^^' 



hence we have the formula 



P." (i^) 



93« g27mrc 



1 n(w + m) n ( - 1) (fi^ - ly^ 

Att^ cos mir sm {n— in) it 11(71 — ii)i)Il{'m — \) a^+w+i 



f 



(1 + ,.C2 + ,1-,S2-) 



^^«^-i (1 ■-- t^)^^-"M 1 - 



7?. 



— w— m— 1 



dii . (55), 



and in particular when m = 



P.^ (/^) = 



47r^ sin 7i7r ;s''+^ 



'(l + ,sM-,l",.t3-) 



-71-1 



U-' (1 — «)» 1 — --- ) du . (56). 



A third class of definite integrals which represent the function P,/'(/a), Q„'''(/i). 

27. If we put /x^ = ju', we find that the differential equation (2) becomes^ when /x' 
is made the independent variable, 






2m + 3 A rfW . ('i — m) (n + m -{- 1) 
3 Q 2 



W = 0. 
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We see that this equation is the differential equation satisfied by the hyper- 



geometric series F (a, ^^ y, /x'), where a = 

that the differential equation (1) is satisfied by either of the expressions 



m — n ^ ^?i + 7^ 4- 1 . ,. 

— ^^-^ ^ fi = -——^ — -^ y :::::: i J -^0 "tj^ug gee 



{^^ - l)i» 



t6 2 (1 — ii) 2 '^ (1 ^ ij.'-'u)'"^ ail, 



(/i^— If'' 






when, as in the other cases, the integrals are taken along closed paths. We thus 
obtain a third class of definite integrals, by which the functions P/' (/x), Q/' (/x) can 
be represented. It is unnecessary to obtain the exact expressions for the functions in 
four of these definite integral expressions, as all the results of interest may be obtained 
from the two classes which have been already considered. 

The existence of these three classes of definite integrals which satisfy the funda- 
mental differential equation (1) is equivalent to the result obtained by Olbrioht, 
that the equation is satisfied by three distinct Riem Ann's P-functions, 



r 



p^ 



v„ 







-m 



rm 







n 
2 



^^ + 1 



00 

— n 
n -\- 1 

00 

— m 



2 



m 



2 



m 



1 



2 



1 — //- 



s 






/^ 



+ \//J? 



1 



2 x/fuf-^l 



1 



> 





n 

"^ 2 

n + 1 



00 



m 
2 





1 


1 fJi^ 


m 
2 


1 

2 





> 



^ 



Expansion of P,/' (/x), Q,,''^ (/x) ^?^ poivers of ^--=~=^====^.:~ • 

2 v/Jb^ — 1 



28. In the formula 
^^ W-^^ -^ • 47^sin(^^ + m)7^ ^^ 



2 Uwi 



\z ' z 



.0-) 



"Un^m, 



(l-2/x/i + A2) 



?W + 2 



t(^/i . (40) 
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1 
change from h to id as independent variable in the integral, where A = — (1 —- 1^) ; 

we then have 

^" ^^^ 47r sni (n + m) ir 

47r sin (ra + m) ■tt 
&"»-» 2 ,,„^ , - n(m+i + r) 1 f(o+, i+,o-,i-) _,^^_ ^^^ 

On evaluating the definite integrals we find 

= eJ"-, 2™. '^=^^f4'r^ (,.£l)V., il-'-^r F (^+i -m+i n+l, ^) (57), 



for the part of the plane over which this expression has its modulus less than unity 



which gives an expression for Q/' (/x) in powers of ^----=^^ which is convergent 



Using the formula 



—min 




P,™ (a) = (Q7 (ja) sin (n + m) TT — Q-»_," (/x) sin (n — m) tt}, 

TT COS UTT 



we find from (57) 

Now by the known formula for the transformation of a hypergeometric series 
whose fourth element is 1 — cc, into a linear function of series whose fourtli element 
is X, we find 



F m + -|, — m -\- h, n + -^, 



n (w - i) n (ra + i) -p . ,1 _ w 4- 1 1 _ « _i 

n Oi - m) n (^ + m) -^ i''" + 8 ' «^ + a > ^ n, ^ _ ^„^ 



+ T77Z 1 X -.^ / ' iT n ^^^^i - T—3 ) .F(|+m,|--m,n + 



2 5 1 o / J 



n(m-i)n(-m-i)(l -sT^"'V i-«v ^^ ' '^ ' ' ^'l-s 
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and thencej after some reduction 



p/' (^) 



^ 2"' n (- i) n (n + m) r _(_i).. 



.ym—n 



IT 



-i^i (/x®-~ 1)'"' F (l+m, |-m, n+ 1, 



1 



1 






+ 7?3I)^(a'-'-i)'""F (i+"^, h~^, «+i ii:-~-sj| • (58). 



.03 



e'^'"' P/ (cos ^ + . i), we 



This formula expresses P/ (/x) in powers of -^~^=^=^ 

29, Let fJL = cos 0, then remembering that P/' (cos 6) » 
have 

P,/^ (cos 0) 



e' 



■lO 



Tf n (n + ■^) 



J« 



(26^^^ sin ^) 






(2^/^/2 sin ^) 



WT-5 



F(|+m,|~w^, n+l, t; 



e^ 



2^^^/^ sin 6 



Hence 



P,/'^ (cos ^) 



_ 2 _ npi + m) j cos ( n + | ^ - --^ + 



TT 
4 

"(2"sin?f 



VITT 

"9. 



KW *'| W »MH> 



1.2 



\ 



OTT 



'?7i7r 



4„^2COSl7l+|-^--^+~2-y 



2 . 2w + 3 



(2 sm 6>)* 



"j * 






2.4. 2n + 3 , 2^;?. + 5 



4 
p^slni^)* 



2 / + . 



.(59); 



this series represents P/' (cos 6) for unrestricted vakies of n and m, provided it is con- 
vergent, which is the case when -,; < < 



6 



6 



To find the corresponding expression for Q/^ (cos ^), we have from (57), 
Q/ (cos ^ + 0.6) 



^-d 



6 



n [n + I) e ^™ + ') ^^ (2e-/'^ sin 6} 



2e''^''^ sin 6 



n (ti + I) 



(2 sin 6)^ 



2,2n + 3 2sin^ 

2.4. 2?^ + P) . 2?i + 6 2 sin ^ 



• ■ • • J 



Similarly we find 



Q, « (cos 9 — 0.i) = e 



TllITt 






n (?i- + i) 



(2 sin Oy 



2 . 2^^ -f- 3 • 2 sin 



J 



thence using the relation 
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G'"''' Q,r (cos ^) = i (e-^"^^ Q/^ (/x. + . l) + e''''' q,r (/x - . t)} . . (29) 
we find 

(2sm^)* 2.2^1+3 ~ (2 sin 6)^ 



Stt . niTT 



1. ^ 4m^ . 3. _ 4m^ cos (^ .. + | ^ + " ^ + --g- y ^ ^ (g^)^ 

the convergency condition for this series is the same as for (59), 

It may be remarked that the series (57) is convergent if /x is a real positive quantity 

3 
greater than unity, (= cosh \\f) provided ^ > ^ log 2, or coshi/; > -^z—^ ; in that case 

we have 

^^ (cobn V^; - e \/ TT ^ (^T 1) (2l^inh i/r)* I 272^ + 3 2 sinh a/. 

"^ 27 472^ + 3 . 2^^ 4- 5 • (2 sinhf)^ ' ° ' J ^ ^' 



where cosh i/; > 



o 



2^2 
The corresponding series for P,/" (cosh i/;) is not convergent. 

30. The series (59), (60) are convergent, provided 9 lies between — and —; it will 

now however be shown that in case m and n are real, and n -{- m — 1^ ^ -\- w^ are 
positive, a finite number of terms of the series will represent approximately the values 
of P/^ (cos 6), Q/^ (cos 6) when the restriction as to the value of 6 is removed. To 
prove this, it will be necessary to estimate the remainder after any number of terms 
in the series (57). 

It has been shown by Darbotjx^ that if a:^ is a complex quantity, Maclaurin's 
theorem takes the form 

/(.;) =/(0) + xf (0) + |: /" (0) + . . . + ^ . X ./^(^'^) 



Tl 



where d^ is a proper fraction, and X denotes some quantity wiiose modulus is not greater 
than unity. Applying this result to the expansion in Art. 28, by which (57) was 
obtained, we see that the remainder after r terms of the series for Q/' (cos ^4" . l) is 



I . e''''"' 



n (m - i-) n (- 1) „(,+,),,_- 1 J- r.y ni^^+ k±A 

' 4:77 sill (m + 70 rjT ' ' v/2 sin * {^^ - 1)7 ^ ^ n (/') U \m - i) 

•(0 + , l + ,0-, 1~) / Qf., \-;u~-h 

\ Z-' — 1/ 

* See LioUYiLLi'^/s ' Journal,' Series III., vol. 4. 
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where X is a quantity whose modulus is less than unity ; suppose r so great that 
r — m + ^ is positive, the integral may then be replaced by 

— 4 sin (m -- I + r) n sin {n + m) tt u~'^'-^^' (1 — u)"^'''\ 1 + - - . du 

where the integral is now taken along the real axis. We have now 

^ /- ~~ I "~ 2 sin 6> """ 2 2 

the modulus of this expression is W 1 --) + ^6'^u^ cot^ 9 > , which is always greater 

than ( 1 T- ), and therefore always greater than ^ ; it follows that the modulus of 



2 
-^ r j is always less than 2^^"^^, hence also the modulus of X ( 1 + 1 



always less than 2'''+^ ; put X i 1 + - — - ■ j = p (cos x + ^ ^ii^ x)' where p, x ^^^ 
functions of t^, and p < 2'''^^ for all values of u; we have then 



u-^^-i+r(^l^uY'^mXli^~^~~~~~-\ du=z t6-^^^^""' + ^^(l— t6y^-^^>(cosx+t'Sinx)<:K 



z^-^l 



in this integral the real part and the coefficient of c in the imaginary part are each 
less than 2''''^^ u~''^~^'^^ (l — uy^'^''' du, hence the modulus of the expression is less 



ri 

than 2^^^ + "^ 



'U^^'^-^^^ (1 — uy-^'^'du. Now the r+ 1^^ term of the series (57) is 

obtained by putting ^' = 0, X = 1 in the expression for the remainder a.fter r terms, 
it has thus been shown that the modulus of the remainder after r terms is less than 
2m+i times the modulus of the r + 1*^^ term, and this is true for all values of 6, 
not merely for those for which the series is convergent. The two quantities 
e"'''""- Q/' (cos ^ + . c), e"''''"' Q/' (cos 9 — . l) are conjugate complex quantities, 
hence the remainders after r terms in the series for Q/^ (cos ^+0 • 0? Q^^''' (^^^ ^—0 . t) 
are of the form 



5 



when X and Y are each less than 2'"''^^'; using (29) we now see that the remainder 
in the series (56) for Q/* (cos 9), is of the form 

'^ "^ ^ ' ^ ^ ' n (^ + I) ^ ^ 2 . 4 . . . 2r . (2^1 + 3) . . . (2?i + 2r + 1) 

/ 2r + 1 ^ , 2r + 1 , mir ^' 
cos ( n + r U H ^ — TT + "^ p 



(2 sin 9) 



r + i- 
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Y 

when ^ denotes tan ^ =: ; finally this remainder is numerically less than 

m + 1 / ""■ ? ( ^ 4- m ) 1^ --> 4:m^ . 3^ >~ 4m^ . , . (2r + 1)^ - 4m ^ 1 



^m^i VTT. 



n(^ + i) 2.4...2r.(2^ + 3)...(2^ + 2r+ 1) (2sin6'X + * 



it has thus been shown that for all real values of m and n such that ti 4- '^^ •— 1, 
m + 2 ^^^^ positive, the series (60) may be used to obtain an approximate value of 
Q/' (cos 6) for all values of 9 between and tt ; if the first r terms of the series are 
taken, the error is certainly less than 2"^''^^ times what we get by writing unity for 
the cosine in the r + 1"' term, r being any number greater than m + i* A particular 
case of this theorem, namely, that in which m = 0, and n is an integer, has already 
been obtained otherwise by Stieltjes.* 

It has been shown that tTre"^"^ P/^ (/x) = e^^^'"^ Q.f (/i — . t) — e""^^^^"^ Q/^ (i^ + . t), 
it therefore follows that the series (59) for P/' (cos 6)^ may, under the same conditions 
as regards n, m, be used to obtain approximate values of P/^ (cos ^), the error being 
limited in the same manner as in the case of (60), 



Approximate Values of P/^ (/x), Q/^ (/x) when n is a large real quantity 

and [x is real. 

31. It is well known that when ^2. is a large integer, -_-- - — -- is approximately 

11 ('?i -j- -^j 

equal to ~r-=, it follows from (59), (60) that the asymptotic values of =:-— --. P/^ (cos 6), 
■^ -: Q;/'^ (cos ^) for a large real integral value of n are given by 



P.- (cos e) = ^~;^ sin t+ i ^ + f + 



n ('/^ -f m) * ^ ' ^ niT Bin 6 \ ^ 4 2/ 

nlri) Q-" (=- «) = »•" V^^ <=- (s +-I » + ! + '")■ • («2)- 

These expressions are generalizations of the known asymptotic values 



P,, (cos B) = a/ — =^ sin (n + ^6 + 



w 

4 



which was given by Laplace, and 

Q„ (cos 9) = s/^^0 cos (n + Te + 2L 
given by Heine .t 

^ ^ Annales de la Faculte des Sciences de Toulouse,' vol. 4, in a paper entitled '* Sur les Polynomes 
de Legendre." 

t ' Kugelf unctionen,' vol. 1, p. 175. 
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To obtain a closer approximation for large values of n, we use the theorem 



n {n)z=: ^'Zirn . e-^'nl' (1 + 



1 



12n 



"j" t a • 



we have 



now 



hence 



or 



n {%) 



\/n . e~'' . n'' ( 1 4- 



12^1. 



n {n + I) 



Vo% + 1 . 6"-(«+^) {n + |)^+* 1 -f 



1 

12n + 6 



- ,, approximately 



1 / 1 X"^ X '^ 1 \"^^ , . 1 

1 ^-. --- J <3i^ I ] -^ — J -^ neglecting terms in 



\/^2 



271, 



2^1, 



w 



I 



log 1 + 



1 \-'^^ 
2n 



1 



^'•^ 



\ '"' 



87^3 



9 + 



1 



87^ ' 



1 + TZ") = e ^ ( 1 + "5:1 )? approximately^ 



2^2. 



/ 



II (^i) _ 1 / 1 
II {)i + |-) '\/9^ 



8?i 



1 \ / 1 



%i] \ 



8n 



LI O 

\/n \ 8 71 



1 



when terms in -^ . . . are neglected. We thus find as an approximation to 

II (n) 



. n^' 



n {n -h m) 



P/' (cos ^), by taking the first two terms in (59), 



V 



9 



UTT sin 






871 



TT . WITT ' 



sin(yi + |6^+-j+ 2 



13 _ 4^^^3 1 



4^1 2 sin 6 



cos ( n+ f C7+ -J + ;r 



or 



TT / \ 

n~~r~ ' r jfji (COS u) 




Similarly we find 



^ 



niT sin Q 



1 -^ 2^?^2^ 
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sm(?i + -|^ + ~ + ~ 



1 ~ ^!W 

Sn 



cot ^ 



/ — — 7j- fll'TT 

COS ( '^'^ + 2 ^ + "T '^ — 9 



(63). 



n (71) 



{n -f m) 



Q.f (cos 0) 




TT 



1 



1 + 2m 



o\ 



2?i sin ^ i\^ 4:U 

1 — 4771^ 



TT inTT 



COS ( n + 1^ + Y + 2 



+ 



8n 



cot ^ sin ?i + i^ + 



'y^iTT 



(64^). 



In (63), (64), n is large but not necessarily integral^ and m is not necessarily integral. 

32. When fi is real and greater than unity, let it be denoted by cosh xjj ; in Art. 

28, P/' (jn) has been expressed in terms of two hypergeometric series, in both of 
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which the fourth element is ^ ; when z = e*, this expression for P„*» {p.) becomes 

approximately, when n is large, 



P„" (cosh t/;) = 



v/ 



TT 



n (Tt + "^i) n {n) sin (?^ + '???') tt e 



-n\p 



II (^^) n (n + J) cos ^TT \/2e^ sink i|r 



1 



1 -- 4m^ e""^ 



4:91 2 sinli '^^ 



+ 



^o^) noi-1) 6^^^+^)^ 



n (ti — 7/1) n (n) s/le^ sinh t^ 



1 + 



1 — 4m'^ er"^ 



4% 2 siiili '»|r/ J 



except when n (supposed positive) is half an odd integer, the first term is very much 
less than the second, on account of the factor e"''*^ ; hence 



Hi% — m) 
"~n (n) 



P/' (cosh ^) 



1 



1 



.nxjj 



Virn \ SnJ vl — e '^"^ 



1 — 4m^ e-^^ 

I -I— ^ — • — I • 5 

An 1 — ^-2^. 



or, 



n (n — m) -r> «, / 1 , \ 
• 1-, .— P/' (cosh xjj) =r 



1 



^n.^- 



3 



n(B) 



/ttw \/ 1 



-2^ 



m^ 1 



im"^ 



1 



8^ ti 



4^/1 1 



■2^ 



(65). 



The asymptotic value of -—1^7-^ P/ (cosh \p) is therefore -/=-=. -;^^==^==-, 
except in the case in which n is equal to half an odd integer. 

n (n) 
From (61) we see that the approximate value of ^t^-^^^^t^ Q/' (cosh t^), for large 

values of n is 



II (n + m) 



1 / 3\ ^-0^+l,V 



\/n 



1 -- 



8?V\/1 



c 



2x1/ 



1 — 



1^ - 4m? e-'^ 
4n 1 — 6-2^ 



or 



n(?o 



n (7?. -f w) 






1 . m^ 1 — 4m^ 

1 __^ 1 .__ _ 

Sn n 



4,n 'l-e-^^\ ^^^^'' 



/ . 



^-(H+ij;// 



the asymptotic value is e'''''' a / -- . /t-;__ _2^* 

It may be remarked that the semi-convergent expressions for Bessel's functions 



J^ (x), Ym, (oc) may be obtained from the series (59), (60), by putting d = x/n and 
proceeding the limit 7h = co . 



Expressions for P/' (/x), as definite integrals taken along real paths. 



33. In (50) change m> into — m, we have then 



P.:"(/x) 



1 1 



TT sec mir 



27rr2-'n(--|)n(?.^~i) 



(^2->l)--^^^^j 



■(2+, 1/2-) 



/^^^-^^e (1 _ 2/x/i + /i^)^'^-* dh ; 



3 R "^ 



■<y 
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now suppose the real part of m+i- i« positive, then provided the real part of /x is positive 

the figure is as in Art, 24 ; we may take the path of integration to be two straight lines 

.1 
on opposite sides of the straight line joining the points z, - , and two indefinitely small 

circles round these points ; the integrals round these circles will vanish. If the real 

part of /x had been negative, so that the line joining z^ --^ were on the left of 0, the 

path of the integral (50) must have been placed so that was on its left hand, 
and thus we could not have reduced the integral to integrals along the line joining 

z, ~~ ; it is therefore essential in what follows that the real part of /x be supposed to 

be positive. 
We have now 



f 



(z+, IA-) 



/i«-»(i _ 2/x/i + h^Y'-^ dh = (e-"'^'"-! __ 1)1 /i»-™(i — 2/A/t + h^)""-' dh, 



^ 



where the phases of 1 — liz^ 1 ^f-in the integral on the right-hand side, are 27r— •^, 

and a respectively, w^e thus have 

p.- w = h ■ irfr-'iW- i) ("' - ' )"■' f if™( ' - ^"^ + ''')■•" *• 

Let A. =: jLt + (/^^ "~ 1 )' ^^s ^? then 

dh = — \//x^ — 1 sin ^ d^ 
I _ 2/x/i + /^^ = - (/x^ - 1) sin^ i/r = e^'^'ifjL^ -- 1) sin^ i// 

since the phase of 1 -- 2/x/i + A^ is a -- ^ + 2?!, which is 2\ + tt, and the phase of 
/x^ — 1 is 2X; thus 

(^3 - l)i«^ 



Orj using equation (19), we have 
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2 
'P^r (h^) e-'"''' sin mw . Q^,^^ (/x) 

n (n + m) (/i^ ~ 1)^ 



m trr 



-nO^-m) 2»n(-i)n(^:ri7J„ (/^ + ^/^^ - l cos ,/,)— sin- ,/, # (68). 

This relation holds for all values of n and m, subject to the conditions that the 

real parts of m 4- J> /^ ^^^ positive ; the phase of jit + V^f^^ "~ 1 c<^s t/; is the same as 
that of [JL when \jj = ^ir. 

In (68) change n into — n ■— 1, we then have, on using the relation (18), after 
some reduction 

P/ (/x) e-^'''''' sin outt . Q/ (/x) 



n (n 4- m) (/^^ - 1)^ 



riT ai\"\2fil 



sm^"^ -x/r 



ll{n-- m) 2^« n (- i) n (m - i) J^ ("^ + ^/^s Zl cos f f +-+i ^'^ * (^'^)' 

84. From (68), (69) it is easy to find the corresponding formulae for the case in 
which the real part of ft is negative ; in this case we have 

9 • 

P/' ( — ft) — — e"'^^"^ sin mTT. Q/' ( — /x) 



n(?i4-m) e"^ ''''"' 



■tt 



The expression on the left-hand side is equal to 



6^^^- P,- (/X) ■- ^-^'i^^-^^-^'T ^-.m Q^^,. ^^^ ^ A ^-urr. g'^^ ^^^^±W Q^^.. ^^^ . 



hence 



2 
P/' (i"') e-''""' sin ^^TT.e*^^^-'^^^"^ Q/^ (/x) 



TT 



n (?^ + ??i) 



'TT 



where the upper or lower sign is to be taken according as the imaginary part of /x is 
positive or negative ; (70) corresponds to (68). 

In a similar manner we find, corresponding to (69), 



^^2n.. p^m (^^ ^ _ ^-mrrc ^J^^ ^^j- . 6^^'^+^^>"^ Q/' (/.l) 



TT 



n (?^ 4" ^2') 



n(^-m) 2-n(~J)n(m-J)^^ ^ Jo(/^ + \//^^-lcosf)-+^^+i^ ^^^>^' 



'IT 



^lYi^m ^ 
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where, as before, the upper or lower sign is taken according as the imaginary part of 
[M is positive or negative, 

35. When ft = cos 6^ and d lies between a.nd ^tt, the expression on the left-hand 
side of (68) becomes, on putting jjl ==: cos ^ + . t. 



^-l^n^rp^m (^^^^ |9) _ ^ ^~mnc ^^^^ ^^^ ^ ^mn. 



TT 



Q/^ (cos 6) 



ITT ^ 

. T,r (cos 6) > , 



2 



md on the right-hand side {{jl^ — 1)^''' = e/"'''' 



sin'^'^j hence (68) becomes 



2 . 



cos miT . P/' (cos ^) sin mn . Q/' (cos 6) 

TT 

n (n + m) 



•?r 



=17 . T^TT/ i\TT/ — ^N sin'^' 6 (cos $ + t sin ^ cos tir)''"~'^^ sin^"'ilf dxb . (72). 

n (n — m) 2'^^n (— J) n (m — I) J 0^ ^^ r r \ / 



Again, on putting /x = cos ^ — . t, we find in a suiiilar manner 



9. 



COS miT . P,f (cos ^) ■— • — sin mrr . Q/' (cos 6) 



1 



11(^4- m) 

n (^ — m) 2'^Il ( — I) II (m "- I) 



rTT 



jT sin^'^ 9 (cos (9 — t sin 9 cos i//)^^"^'^ sin^"' xfjdxlj . (73). 



Again, putting ja = cos 9 -^ , i m (55), we have 



^ , 



cos mTT . P/^ (cos ^) — — sin niTr . Q/^ (cos 9) 



n (^^ 4- w) 



sin'» ^ 



TT 



siii"^"' '\}p 



n (^ — m) 2"*n (— i) n (m - i) Jq (^u, ± y^^" -- 1 cos fy^-^^+^ 



dxfj . (74). 



Next let us consider the case in which 9 lies between | tt and tt ; we find from 
(70), by putting fi = cos 9 ± , l, 



, -F MTTI' 



e ""'"" . P/' (cos 9) {1 if- sin nrr . e"^'^""'} 
n (^^ 4" m) sin''' ^ 



iu 



TT 



sin ^^7^ . e^^^^""^^^^^^ Q/^ (cos 6^) 



n (^1. - m) 2-n ( - i) n (m - \) j 



(TT 
(cos 9 ± t sin ^ cos ^l/y~''' Bm^''' \}j dtp . (75), 



2/ -0 



this corresponds to (72), (73); the phase of cos ^ ± t sin 6^ cos i//, when ifi = |7r, is 
+ -TT or — TT according as the upper or the lower signs are taken in the exponentials. 
Again, corresponding to (74), we find that when 9 lies between ^tt and w, 



^^{n+m)rr.^ P/^ (cos 9) {e^^'"^ + I sin nir] -] sin nir . 6^''^+^^^^"^ Q./" (cos 9) 

n (?^ 4- m) siii''^ 6 f "■ sin^^'^ '\^ 



n {n — m) 2»^TI (— i) 11 (w — 1) Jq (cos ^ + l sin ^ cos i^)»+«»-^i 



# . (76), 
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where, as before, the phase of cos 9 i i sin 9 cos ^ is db tt, when xjj = ^tt, according 
as the upper or lower signs are taken in the exponentials. 

36. In the important case in which m is a positive integer, we find, from (68) and 
(70), that 

n (71 + m) {fjt? r- ly^" 

OmTT / 1 \ TT /^-. 1 \ 



n (n - m) 2^'^n (- 1) n (m - i) J 



(/x + Vl^^ — 1 COS -isY-"' ^m^'' i// dx^i 



is equal to 



2 



V,r ip), or P/^ (/x) - -" e±''^^^ sin rnr . Q/^ (/x) .... (77), 

TT 



according as the real part of jit is positive or negative. 
From (69), (71), we find in this case 



P«» {f) = 



n {n + ^^t) (/t2 _ i)i» /•" sill-"' -f 



?i + /yi + 



1 #, 



when the real part of /x is positive, and 



TT 



n (7i - 77i) 2- n ( - 1) n (/?i - j) j ^ (^^ v"^^^ cos ^) 



[n + 'iii + 



,dxjj . . (78), 



when the real part of fx is negative, the upper or lower sign in the exponential being 
taken according as the imaginary part of jjl is positive or negative. 

When jit = cos 9, we have in the case in which m is a positive integer. 



P,-(cos^)^(--.l) 



m 



U(n-m) 2"^n(-^i)nOm-i) Jq 



" (cos 9 ± L sin 9 cos ^//^^-^^^ sin^^'^ xjjdxjj. (79), 



when ^ may have any value between and tt. 
Also 



P/^ (cos ^) ::=(-«- 1)^'^ 



sin"^ 6 



sin^"^ '\^ 



n {n + 77?/) 

n (7Z — m) 2"' n ( — |-) n (m — J) J (cos 6 ± c sin 6 cos '\|r) 



k5i + III + 



^0?l//, 



v/here ^ lies between and -|7r, and 



9, 



^Tnrr. pm (^^^^ ff^ ^^Tim ^ ^ ^'^ ^,^^^ _|. ___ ^:f.m gj^^ ^^^ ^ Q;/^(c0S l9) 



(-1) 



m 



TT 



sin^"'' -^ 



n (7^ -I- 77?/) 

n (7^ — m) 2'" n ( — I) II {m — J) J (cos ± i sin cos '\/r) 



kW+ «i+ 



i# . (80), 



where 9 lies between Att and tt. 



2 
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Remarks on Heine's definition of P,, (/x). 

37. Heine has proposed"^ to define the function P^, (/x) for complex vahies of n and /x, 
by means of the expression 

P,,, U) =z - (/^ 4- .^^2 __ I cos xjjY difj. 

TT Jo 

It will appear from what we have shown in Arts. 33-36, that this definition is not a 
valid one, as the function given by the definite integral for values of /x with a negative 
real part is not the analytical continuation of the function given by the same definite 
integral for values of /x with a positive real part ; it follows that F^ (i"') can be defined 
by the above expression only for values of /x with a positive real part. 

The fact that the definite integral is of ambiguous meaning at the imaginary /x axis 
is clear if we attend to the phases of the integrand (/x + \/f^^ — 1 cos t//)'', or h''; /x being 
purely imaginary there is a value of xjj between and tt for which h vanishes, and in 
passing through this value of \fj the phase of the integrand changes by a finite amount. 

1 . 
The h integral in Art. 38 is taken along a path joining z, -which has the point h-=- 

on the left hand side, thus for purely imaginary values of /x the path may be placed 



T^~ 




i 

as in the figure, with a semi-cii'cular portion to avoid the point h=: ; we thus see 
that in the above definite integral there must be a sudden diminution of phase rnr in 

the integrand as cos ^ passes through the value yj^-i I if this be taken into account 

the definite integral will represent the function P,, (/x) for purely imaginary values 
of /x ; there is however nothing in the definite integral itself which decides apart from 
convention what the change of phase in the integrand shall be as it passes through its 
zero value. 

Next suppose /x to cross the imaginary axis, the h integral can then be taken from 

— to 2; along a loop round the point h = 0^ and then along a straight line to the 

* ' Kugelfunctionen.,' Vol. 1, p. 37. 
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1 
point h = z, but cannot be taken directly from —- to 2; ; it thus appears that the 

function P^, (/x) is no longer represented by the definite integral, bat that the value 




of the definite integrals involves Q^^ (/x) as well as P,, (/x) ; in fact, we have shown in 
(70) that in this case 



TT 



f V + \/f^^' — 1 COS xpY d^ = P,, (/x) -- — e''"''' sin 7nT . Q,, (/t), 

Jo '^ 



where the upper or lower sign is to be taken in the exponential according as the 
imaginary part of /x is positive or negative. 

The only case in which Heine's definition is valid for all values of /x is when n is a 
real integer. 

Hei]!^e deduces from his definition that for unrestricted values of n, the function 
P;, {fi) is represented when mod /x > 1, by the series 

1 n (2n) ^/ n 1 -n , 1 \ 

2- ^0^)^(7^)'^ ^ \ 2 2 ^ '^ /^V 

this result, following from the incorrect definition, is erroneous, the correct expression 
being given by (23) and involving two hypergeometric series. 

It was to be expected d priori that as P,, (/x) was defined by means of an integral 
taken along a path containing the singular points [x, and + Ij b^t excluding — 1, the 
function so defined would not in general possess any kind of symmetry about the 
imaginary axis. 



Definite hitegral Expressions for P/' (/x) ivhen m is a Real Integer. 
38. When m is a real integer, the formula (4) for P/ (/x) becomes 

MDCCCXCVI. — A. 3 S 
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Suppose the real part of /x to be positive, and the path of integration to be a circle 
with centre at the point /x, and of radius greater than mod (/x — 1) and less than 




mod,^ja + 1). On this circle take a point such that the angle between [jlz and /xC 
is ijj, and let cp be the angular distance of any point of the circle from 0» If we put 
t =: [ji -^ >y,/^2 — i^^('^-^)T^^^ the points represents, for different values of ^, points on a 

circle of centre jjl and radius e"^" mod (v /x^ "-^ 1) ; we must thus take ii to be such 

. M + 1 

that e"^"* mod (\//^^ — 1) > mod (ja — 1), and < mod (juc -f 1); or it < -| log mod — - . 

Take the circle commencing at C to be the path of integration ; we have 

^2 _ 1 r= 2^/?^^ . e'^^-^> ^^ [/x + s/]^~~-^l cos ((/> - i// d= t^)]. 
Hence we have 



1 n {n + ^?i) f 



2tt 



P/' il^) ^ -^ lUnT Jo ^'^ + v//^' - 1 COS {4>-^± m)}»e— <*-^>^'-o?</., 



or 



1 p- 





27r 






On changing m into — 7?i, and remembering that 






we have 



][ r27r . 

— {/x + ^//x^ — - 1 cos (</) — ^// ± t?/)}'' (cos m^ + I sin m^) cZ^ 

iTT Jo 



^W, ,Q 



■*--'- V'^V ^ + 7Ut i//Tt^i) 






we thus obtain the formulse 
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cos 



]_ r2tr 

., {jx + \/y — 1 COS {(j) - xjj±iii,)}" ^^ m4, d(f> 



iTT 







^' ^ n(^i + m sill \^ ' / 



(81). 



If we change n into — (n -f 1), we bave 



i27r 



27r 



cos 
sill 



m^ 







{yL6 + \//^^ — 1 COS ((f) — 'yjr ± IV)}''^^ 



d(j> 



COS 



P/ (/^) ^-,™^ (- 1)™ ^r" m (,|, :^ Lu) 
^ ' II (^?') ^ ^ sin ^^ ' / 



• • 



. ( OiuK 



In these formulse n is Linrestricted, ?n is a real integerj and t^ is any real positive 
quantity less than | log mod r , and the real part of /i is positive. 



/^ 



1 



Formulae corresponding to (81), (82) have been given by Heine in the ease in 
which n is a positive integer/^' 

If in (81), (82) we put u.-=- 0, ^ = 0, we have 



] /•2- 



LIT 







(ft + ^/^^ -" i COS ^Y rrr ^^ ^^^ ^^ tt ^ ? \ p^^''' (^) * • • c^^)' 



cos 
>sin 



iTT j 



-uir 



cos 
sill 



m^ 



(/^ + \//^^ — 1 cos ^) 



*r-r / \ 



m • 



(84). 



Definite Integral ExfTe$sion$ for (^,['' {^^ 

39. When the real parts of m + |,^n — 7n +1 are both positive, the formula 
(54), for Q/^(/a) reduces to 



Q/ {p) = e^^^- . 2 



#? 



ni^L±J2) Jliri^ M-i)^f ,,.-1 H ^ ^y^. / , 



-16 



-n-^m-^l 



o 



■dte 



on changing the independent variable to v^ where u = 



-2; + 1 



we then have 



IT A? 4- -wA IT Z'— . 1^ 



n (% — m) * n {m — I) 



1 00 



fqf, _^ i^y;?-— I 



< 



1 / 1 \1 --fi—m—l 



* See * Kugelfunctioiien,* vol. 1, p. 211, 
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or, on putting v = cosh w, this becomes 



Q,r (f) 



1 



U(n-'rm) n(-D , „ 

■ n 0^ - m) " n (m - J) ^^ 



— If"' 







Icoshic^} ^' ^^^ ^ sinlr^'it? (itc; . (85), 



where the real parts ofw-(--|, ti — m+1 are positive. 
Jf m =. 0^ we have 



-10 



Q^^(^) = {^ + ^/ju.'^ — 1 cosh w] "^''^^ dw , , . . . (86) 
Jo 



The particular case of (85), when m and n are real integers, is given by Heine. ^' 
When /x has a real value less than unity, we have, on using (31), 



Q/^ (cos 6) 



1 Ii{n-\-m) n(—i) 



.■00 



2m+i n (ti — m) n (m — I) 



sin^^^ ^ 



sinh-'^^ w 



(cos 6 -{- L sin ^ cosh i(?)'*+»^+i 







iw 



(cos ^ — ■ t sin 6 cosh ^/y)*^+'**+ 



dtc; 



and from (30), 



P,r (cos ^) 



1 n in + m) n( 



2^ ^ ^Tj. * n (^i — m) IT (??i — I) 



2/ gjj^^. ^ 



/»00 



sinh-"^ ic? 



40. In the formula 



(cos 6 '- tmid cosh '^(;)^^+'«+i 

sinh""^'i£; 
. (cos ^ -f e sin 6 cosh '2/j)»+^'»+i 



(iia 



die) 



Q,» (|u,) = e""".2"'. ■ jT? ~i^ cos miT {[x^ — 1)' 



ni 



/^»+* 



m 



o(l-2/^^ + A3)M-^ 



|clA . (43), 



which holds, provided the real parts of n + m + J , | 



1^ — m are positive ; put 



h=iJL-^ ^11? — 1 cosh te), then when h — 0, we have %v z=:Wo = i ^oge'~ , and when 
h = ^,tv — 0, tlms since 1 - 2/i/i + h^ = (/^^ --- 1) sinh^ v, we have 



„ ^^nrr. ^ 2'n ^ ^^^^"^Y" ^OS mW . (/X^— l)""^ 



OT„ 







(^ _ y^^a — 1 cosh «;)"+* siuh -2"' iv div (87), 



where ^y^ = I log mod. ^^, and the real parts of n + m + 1, i - m are positive. 

Lit "~* X 



2 o 



'^ See * Kugelfunctionen,' vol. 1, p. 222, 
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If m = 0, we have 



r^o „ ___„^ 

Q^^ (^) = (/x ■— v/x^ ■— 1 cosh iv)'' 

Jo 



div 



(88). 



It is interesting to compare (87) with the formula obtained by changing m into 
— m, in (85), 

Q." (i^) 






{/x+a//[a^— 1 cosh^^}'^^-^^-"^ sinh-^^'^'X^ div (89), 





which holds under the same conditions as (87). 
In (87) change m into •— m, we have then 



Q." (/^) 



pmm eim 



n (n—m) * n(7?^ — J) 



Wo 




'j. ifi^—lf'' (fi — x//x^ — 1 cosh it;)^^-^'^ sinh^^^^tf; div (90), 



which holds when the real parts of7^ — m+l,|- + ^ ^^^ positive. 
41. In the formula (9), change n into •— n — 1, we then have 



Q-.-i"(/^) 



e 



mrt 



n (») 



4t sin (n — m) tt ' U{7i — m) 



2 



n + 1 



(-1+, 1-) 



Xdt, 



where 



X = (^2 - 1)4» (<2 - 1)-"-' {t - /x) 



n—m 



Place the path as in the figure ; starting from A, a semicircle of centre /x is first 
described, then a straight line from E to oo, a semicircle of infinite radius, then a 
straight path from oo' to A, followed by a similar path taken negatively round the 
point + 1. 



oo 




oo 
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If the real part of ?^ — m + 1 is positive^ the integrals along the semicircles with 
/x, as centre vanish when the radius is made indefinitely small. If the real part of 
71 -{- m -{- 1 is positive, the integrals along the infinite semicircles vanish. We thus 
have, 



^pi-n—l'^ (/^} 



e 



yiTTL 



U(n) 



4:L sill (n — m) TT n (n — m) 



2 



w+i 



< 



^a:i 



e '"''' , 2 cos mjr X.dt — e 



— niTL 



fco/ 
X dt 



where in the integrals X commences with the phase it has at A initially, 
of ^ + 1 ^t A is — (27r — y). 
From equation (8), we have 



The phase 



P,/" (ia) 



e 



+ niTL 



n (n) 



4:77 sill (^Z' — m) IT Jl{n — m) 



2 



w+l 



r(/A + , 1 + ,/x-, 1-) 



(t^ -- 1)"^'-^ (t — i^y-^" dt, 



where the phase o{ t -{- 1 in the integrand is y at A^ and thus 



hence 



P." (/x) 



{t^ — l)"^'-^i (t — 11)'-'" — e-'^'^'X ; 



e' 



-nTTi 



U(n) 



4:71 sill (n — m) 7T U {n — m) 



(^<.+, i+, ^-, i~) 
2" » M X c/t 



OO 




Taking the path as in the figure, we have, provided the real parts of n ± '?^^ + 1 ^^^ 
positive, 



•(fX + , 1 + , /x~, 1-) 



00/ 



00 



)m 



CO 



X.dt— X c/< 



a/ 



/A 



X rfjf, 4- e(^^-^^^^"^ . 2 1 sin ( /i — m)7r j X 6?^^, 
I/. 



00/ 



/A 



• ^ 
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therefore 



P«"'(/^) 



II (n) 



— . - — — 9 

iir U(n-~7ii) 



• Zi 



n + 1 



JOD 
X cU + 2t . e("-») 



/.OC/ 



TTt 



-ZV (Jt'O 



fl 



> • 



Substituting for Q^u-i" (f^) its value in terms of Q/' (/x), P/' (/x) given by (18), 
we have 



Q«"' (/x) sin (n + m)w — TT cos ^tt . e®^""' P/' (ft) 



, 00/ 



== r • r---^-- 2'''^^ \ 2 cos m77 X dt — 2 cos n7r\ Xdt\ • 
4t nOi— m) ' [ }fj, ^ ' 



On substituting the value of V/' (/x) in this equation, we have 



which holds for all values of n and m, such that the real parts of n -^ m -^ 1, 
n — m + 1 are both positive. 

In this formula, when t is just greater than /x, the phase of ^ — 1 is the same 
as that of /x — 1, but the phase of ^ + 1 is l^^ss by irr than that of /x + 1, hence if 
we wish the phase of i^^ — 1 to be that of /x^ — 1, the result must be multiplied 
by e^''''' ; again the phase of i!5 — /x is that at A, and this is less by tt than the phase 

of \/ft^ ■— I, hence, in order that the phase of t — jjl may be that of \//x'^ — 1^ we 
must multiply by e"^''""'^'"' ; the formula now becomes 



Q, - (/x) = 2^^ . e 



«iirt 



U{n) 



n (n — m) 



.00 



(^2 _ l)^» {t^ — l)-»-l (; _ /^)»-» c^« ; 



/x 



on substituting ^ = /x + \/p^^ — ' 1 • ^'^^ which gives us -, 
where ^^ is a real quantity, we have 



£_ziL 

2 {t - fji) 



= /x + \/jju^'—l cosh 16, 



Q/^ (/^) 



6 



■JHTTt 



n (?i — m) * ^ 



/.CO 



6 



-nm 



-~co(/X + A/yU'^ "- 1 cosh icy^ 



Z (Jvii/j 



or 



Q;" M = «""' • 



n-in) 



.00 



cosh mt^ 



n {n — 7?^) J (/x + \//J(y^ — i cosh ya)'^ 



+1 



du , . . . (91), 



where the real parts of ^ + m + I, n — on + 1 are positive. 

In (91), the phase of /x + v^'/x^ -- 1 cosh u is equal to that of /x + \//x'^ — 1 
when u =• 0. The formula (91) is a generalization of the formula given by Heine f 



* ' Kugelfunctionen/ vol. 1, p. 223. 
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his formula he proves, for the case in which m is a real integer, by a method of 
transformation which cannot be applied to obtain the more general result (91). 
42. In the formula 

0mm JJ /^^ _j_ ^j^\ rl 

which holds, provided the real part of n + 1 is positive ; let 



t = fjL — x/fji? — 1 . e% then I — ^^ = %//x^ -- 1 . e/^ {2/i. — 2^//x^ — 1 cosh u}, 



h 



ence 



Qm" (/x) 



plllTTt 




Il(n + m)^^ ^, I (fM'-lf\ e- {2/x-2x/^^--l cosh/. ]-. y-^^j:: ., 



or 



n {n + m) 






Q/^ (jLi) = e'"'"' . — 1^ - \ (/x "™ v^i^^ "^^ 1 cosh ^^I'^cosh mucin . (92). 

Jo 

This formula holds for all values of 11 and m such that the real part of n + 1- is 
positive. 

The Evaluation of a certain Definite Integral, 

43. Suppose n and m are such that n — m is a real integer, and that thej are 
otherwise unrestricted ; in this case the integral 

1 (/x^ ^ 1)^- f ;^ {f ^ If {t ^ /.)— i dt 



27n ^^ ^ J 2^' 

taken round a closed path which includes the three singular points 1, — 1, ft will 
satisfy the fundamental equation (2), since the integrand attains its original value 
after description of the closed path. We shall take the path to be a circle with centre 

at the point /x ; if we put ^ = //, -f v /^^ — 1 • e'^'^'^^^'^^ as in Art. 38, in this case we 



must have u > |- log mod - — r , and the integral becomes 



2lT 



r2iT 







{/x + ^'[j? — 1 cos (^ - ^|/ ± iu)y'e--"''^^'-'^^ '''''' d(ly. 
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This integral has been evaluated in Art. 38, when u < ^ log mod '^t^t ; we pro- 



ceed-to evaluate it in the present case u > ^ log mod 
definite integral by r — I {n, m). 



/ir + 1 



^ 



!• 



We shall denote the 




Denote by L, M, N the integrals of — (<^^ — ■ 1)'' (^ ■— /x)~''"''''"'^ taken along loops 
from the point A, round the points — 1, 1, ft respectively, then 



(^2_l)i«J 



/•(/X + , 1 + , fA-, 1-) 1 



'-{f—lfit — ^)-»-™-i dt = N + Me-'-'"" — Ne'"' — M 
(1 - e'"') {N + Me-^""' (1 + e'"")} 



(/^3_1)5» (' '^' ""' ' -^ (^2 _ i)» (t - ;a)-"-«-i c^e = (L - M)e-^'"". 



Also 



I (n, m) = N + Le-*""' + Me-^""", 



hence 



(1 _ e^""') I («, m) = (^2 _ i)im 



r(i+, i+,M-,i-) 1 



-(^2__ i)«(^_^)-«-»-ic?f 



(( — 1+ 1—) 1 



or 



e""""' , 2t sin ntr . I (n, m) = 



n (n) 



n (n 4- w^) 
n(n) 



. 477 sin f^TT . e"""' P/^ (ft) 



n (n 4- ni) 



. 8 sin^ ^nr . Q/'' (jui), 



we thus have 



2 



TT 



27r 



l/X + v^/X^ — 1 COS (^ — t/^ ± m)}''^ g^me(<|,-^)±.m ^^ 



n (n) 



n (/i 4- ^?^) 



2 
P/' (jn) — - €-''''' sin 7i7r 



TT 



Q/'(;a)| , (93), 



MDOCCXCVI. — A. 



O X 



506 DR. E. W. HOBSON OF A TYPE OB^ SPHERICAL HARMOFIOS 

where n — m is a real inteo-er, and u > i log*^ mod — -7 « It has been shown in 

Art. 11 that the expression in (93) is zero when n — m is a negative integer « 
When m and n are both integers 

1 f2ff TT (m) 

2^ j^ {^ + y^^ - 1 cos (<^ - t^ ± m)}« e-<*-«-'» # = n(/+.n) -P"" (^) ■ (94), 

the right-hand side is zero when n and m are positive^ and n < m, since in this case 

P." (/x) =0. 

Next change m into — m, in the formula (93), the expression on the right-hand side 

then becomes 

n W fp^ -,, ^^^ _ A e-''^- sin fiTT , Q,r^ (f^) 



n (^ — m) [ ^ ^ "^ TT 
or 



9 



-#^^ |P/^(/^) - ^e~^-^^ Bill mw.qj- ill.)] -:^f^^^ 

which reduces to — P/' (/x), since n + m is a real integer; we thus have the 

AJL (9% "T" '??2' ) 

formula 

which holds for all values of m and n such that m + '?^ is a real integer ; when m and 
n are positive integers such that m > n, we have P,r (/^) = 0, and the integral in 
(95) vanishes. 

44. In (93) change n into — n — 1, we have then 



1 



f-2n 0-7m{<p~xp) ±mu 



27r , 



{//. + \//^'^ — 1 COS (<^ — -^Ir + m)} 



w+1 



d(l> 



n(-^-l) jp^„(^ ^ A e«.. sin nTT Q_„_i« (/.) 



n (m 

where m ■— ti is a real integer ; now, suppose m and n are both real integers, it is 
then necessary to evaluate the undetermined form on the right-hand side ; to do this^ 
suppose the modulus of /x is greater than unity, and substitute the series in powers of 

— for the functions P,r (ft), Q-n-i"" (i^) ; the expression then becomes 
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n (m — n — l) 



_____J!liIi^:l:zJi) I J: /„s_ 1 Urn „-» 

n (m + 51 - 1) n (- m - n) 2«+i cos ktt U {n + i) n ( - 1) ^^ ' ^ 



—n—m—l 



.^ Az + 7?i + 2 ?^ + m 4- 1 ,3 1 \ 

^ \ 2 ^ 2 v^ + 2r-;^j 



^ " n (^ - m) n ( - 1) ^^ ^ ^ \ 2 ' 2 ' ^ ' y?]^ 

2 A,4,.„w, r^., 'TT n (m — % — 1) IT ( — i) , o . \i.. -T-! A^^ — 7^ + 1 m — n , 1 

TT IT (^) IT ( - 9t — 1) ^^ -^ V \ 2 ' 2 ' -^ ' /i^ 

The ratio of the coefiicients of the last two terms can easily be shown to be •— 1, 
thus the result reduces to 



"— u— m — l 



U(m-n-l)U(m + n-l) 2«+icos^7r n(--|)n(w + i) ^^ ^ ^ 

^ A^ + ^^^ + 2 7^ + m + 1 ^ 1 

or to 

This result must hold whether mod /x is greater or less than unity ; hence when 
m and n are real integers 

2^ Jo {^Tv^F^T^osT^ t ± t^oT^^ ^^ "^ il>r^^r^ IT7w""+~m) n (^) ^^^"^ ^^^ ^^^^' 

when m > fly and is equal to zero when m 5 n. 

The case in which m and m + ^ are negative would require special examination, 
but the result in that case may be deduced from (96) ; change i//, u mto — i//, — u, and 
^ into 2rr — (f), we thus find 

when m > ^^, and is equal to zero when m^K n . . . . . . (97). 

The results in (94), (96), (97) agree with those of Heine,=^ the more general formula 
(93), (95) are not given by him. 

45. Eesults such as those in Arts. 38, 43, 44, could be foreseen by a consideration 
of the fact that {% + ax + ^yf satisfies Laplace's equation V^V = 0, provided ce, fi 
are any constants such that a^ + ^^ = ^l; this holds for complex values of n, and 
when X, y, z are not restricted to be real. Let a= — t cos (i/f =f m), y8= — i sin (i//=f lu), 
then, since % = Tfi, x = irx//?"^^ cos <!>, y = i/r^/]F^^ sin <f>, we have 

'^ * Kugelfunctioneii,' vol. 1, p. 211. 
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(z + ax -^ /By}' = r'^' {/x + \//x^ — • 1 cos (<j{> — i// db ^^0)'' '^ 

we should, therefore, expect that if {/x + -s//^^ — 1 cos (^ — t|^ ± m)}'' is expanded in 
cosines and sines of multiples of (^, say t (um cos ??^(^ + Vn, sin m(f>), the coefficients 
Uni, Vm would be linear functions of the functions V^"^ (fi)^ Q^/"" (/x). 
Let w —s/ii^ — 1 e^'^^''^^''''\ we then find that 

{/x +y/?- 1 cos (^ - i// ± ^tO}'^ = (2^^)"^^ (/x + t{; - ly^ (/x 4- t(; + 1)". 

If ?^ < log mod A/Zi-^i , one of the expressions {yL + w — iy\ (/x + iv + 1)^' can 
be expanded in positive powers, and the other in negative powers of tu ; if, however, 
u > log mod \/'^~\ 5 both expressions can be expanded in positive powers, or both 
in negative powers, according to the sign taken in Jb tt^. 



Case Z ~u < log mod a/ ^^^-t • 



In this case all the powers of iv in the expansion are of positive or negative 
integral degree, thus 



00 



{/x + v//x^ -- 1 cos (^ -- i// ± iu)Y ^tu^ COS mji + v^ sin m^, 



»i=0 



where m has all positive integral values. 
We have 

1 ^2- 



TTJQ 



^y^ 4. \//x'^'— 1 COS (^ — ^ ± tw)}'' COS m<^ 



except that 



also 



= 2P/^ (/x) -~^^^^^ cos m (i// q^ aO, by (81), 



Uq ' — I. n \/XJ, 



1 [■^'^ 

V. 



1 f Yf^ 

= — (j^ + \/fi^'— ~T COS {<l> — ^± m)Y sin m^ 



'0 



= 2P,r (/x) t7^^^, sin m {^ qp ^^0^ 



hence 



(/x + \^iJ?^ 1 cos (^ — t|; ± tl^)} 



?^ 



= P„ (/x) + 2 I i5f^^ P-,r (/-) cos m (0 - ^ ± m) (98), 
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this formula which holds for all real and complex values of n is a generalization of a 
well-known formula^ namely the case in which n is a positive integer, in which case 
the series is a finite one, since P/' (/>t) = 0, when m and n are positive integers such 
that m > n. 



u > log mod. A /'^iJli. 

V L6 1 



Case 11. 

u > log moa. \/ 



In this case the expansion of {/x + a//^^ "~ 1 cos (^ — i// — luY in powers of t^ 
consists of powers whose indices differ from n by a real integer ; thus 

ill + \//I^— 1 cos (^ — l/^ — m)}'^ = tllra^'"'^^'^^'""'^' 

where m has the values n, ti — 1, ^^ -— 2, . . . 

To determine 'U,n, multiply both sides of the equation by e""'"^'^"'^""'''^^'; then, since 

^(m'-m){<f>'^^if±m)i, g^ _. Q^ when m, mf are different real integers, we have 



'2lT 



1 r2^ 



Uf)i 



27rJ 



{fi + v//A^ _ 1 COS (^ — »|/ — Lu)}" e-'» (*-'''-"'-)' c?^ 



Jf(;^:^ jPr (/^) - -~ • e-- sin niT . Q,f (/x) L . . by (93). 



We have thus obtained the expansion 



{jJL + \/[JL^ — . 1 COS ((^ — l|r ~" lu)} 



u 






n (n + ^?o 



2 
P/' (/^) "*- — ^"^'"" sin nw . Q./ (/x) le"^^ ^*"-^-^^^^ . . (99), 



TT 



when m has the values n, ^i — 1, ^ — 2, . . . and the expansion holds for all real or 
complex values of n ; in the special case in which n is a positive integer, we have 

{/i4- Vi^^ — lcos(^ — i// — m)}^^= S fr7---^-^P/^(u).e"^^^'^"-'^^^^> . (100). 

m=o n ('/^ + m) ^' ^ ^ ^ 

When ^ is a negative integer, change it: into — n — 1 ; we thus find, on using the 
formula (97) 

{[I + \/[x^ — 1 cos (<^ — i/; — m)}"^'"^ 

n (n) Il(m — n — l)Il {m + n) ^ ^^^ ^ ^' 

where m has the values n + 1, n + 2, n + 3, . . , 
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Generalization o/Dirichlet's and Mehler's Expressions for P,, (cos 6) as a 

Definite Integral, 

46. It has been shown in Art. SB, that provided the real part of m + J- is positive, 



P "^^ ( ii\ — -^ 



g-tn.(,>j-i) 



r« 



#i 



2» n(-j)n(m-i) 



_ {^3 _ l)-i» ^ ^«-« (1 _ 2/^;^ + /i^y-i cZ/i, 






let /x = COS ^ + • ') the line joining the points z, -7 on the 7i-plane is perpendicular 




to the real axis, and the path of integration may be taken to be a circular arc with 
centre at the origin ; let h = e^^^ then remembering that the phase of 1 -— 2[ih 4- ^'^ 
increases from 27t — 6^ at the lower limit to 27t + 6^ at the upper one, we have 



(I - 2fxh + JiY"^ = e'-0'^"i-)^ e^^''-^^^'^ (2 cos ^i — 2 cos 0^"^ 



hence 



P,r'' (cos 0) = e"*^^^"^ P,r'' (cos ^ + . i) 



e 



— I^^i'n't 



^-i?r(m-|) 



2»n(-j)n(m-i) 



^— |mm gii-i"?^ ^ /-/"^^(i'^— i)t 



e 



or 



P,r''' (cos 0) = 



2^n(-|)n(m- J) 



^(n-mU ^ ^i^n-lH (2 COS (^ — 2 COS 6^)^^^~* . 16^^ C?^, 



sm"^^^^ I ^r-^ ■ T ^^^-,,_;^c?^ . (102). 



(2 COS ^ — 2 cos ^)4' 



From Art. 1 1 we find 



P,r''' (cos 0) = ^ )l ^ ^J^ \ cos mTT . P/' (cos 0) — ~ sin wtt . Q/' (cos ^) 



hence 



n (n — ^?^) 
n (?i. + "in) 



n (^^ + m) 



2 

cos mTT . P/' (cos ^) -°- — sin mw . Q/' (cos 0) 

2 

2-n(-^)n(m-ij 



(2 cos .^ - 2 cos 6')*-'" ^ 



. (103). 
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A particular case of (102), or (103) is Mehler's form of one of Dirichlet's 
expressions for P^ (cos 6), 

2 C^ cos (n -f- i) <^ 



P,, (cos 6) 



f 



•^ Jo 2 (cos ^ — 2 cos dy ' 



The formula (103) holds for all values of n and m, real or complex, provided the 
real part of m + i i^ positive. When m is a real integer, we have for unrestricted 
values of n, 



2 sin-'^e 



cos (n + !•)</) 



^ ^ ^0^ + m) '" ^ ^ 2^'^n(-i)n(m~|)Jo(2cos(^~2cos6>y 



-d^t^ . (104). 



47. Next let us suppose the real parts of ?^ — m + 1, and of m + i ^^ ^^ positive ; 
the path of the integral 



ih 




can be taken as in the figure to consist of two circular arcs of unit radius, two 
straight portions along the real axis, and a circle of indefinitely small radius 
round the point h =: ; under the above conditions as to m and n, the circle con- 
tributes nothing to the value of the integral. 

In the integral taken along the arc joining the points — and — 1, the phase 

of 1 — 2[jLh + h^ is 3tt ■— ^, where h = e""^ ; in the integral, from — 1 to 2;, it is 
77 + ^3 where h = e''^ ; the two integrals together make up 

r^^_(^^^),,|, + (^-.x)(3,-.^), ^_ ^^_,^^ _ ^(n-m).<i>■^{m-h){rr-^4>y(^^^^^<l>^^^ ^2 COS ^ — 2 COS (j))''-^ d(f>, 
JQ 



or 



^2.(^~i)c ["2, COS [{n + i) <^ - (m -f I) tt] (2 cos ^ - 2 cos <^)^-* dcj). 



In the integrals from h = 1 to h 
h = e^'^'e^^ for the lower path, and h 
the integral give us 



0, the phase of 1 ~~ 2fih + h^ is 277 ; let 
e'^'e""^, for the upper path ; these portions of 
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or 



_^0>^-j)2^c 2j, sii^ (n — m) TT 



00 



^ -~(%+l)v 



(2 cosh 1; + 2 cos Oy 






we thus obtain the formula 



P—m 
n 



(cos 6) 



n (n — r/i) 
n (n + rn) 



COS mTT . P/' (cos 9) - — sin mir . Q,!^ (cos ^) 

TT 



2 sill"™ ^ 



2-n(-i)n(m^i) 



'^ cos [(n 4- i) <^ ■— (^^ + i) tt] 



(2 cos ^ — 2 cos <^)* 



•7)1 



d<l> 



+ cos (n + 2 "~" '^) ^ 



»Q0 



g-(7^+|)^' 



(2 cosh ?; + 2 cos 6)^ 



— m 



(105), 



which holds provided the real parts of m + i? ^ "~ '^^ + 1 ^'^^ positive. If 7^— m is 
a positive real integer this becomes 



TT (rh-i ,_ ^72 ) 2 

~ r i cos mrr . P/' (cos ^) — - sin wtt . Q,/'^ (cos 6) 

n (^i + m) L ^ TT ^ ^ ^ 



2 sin-^'^ ^ 



''^ cos {{n + I) ^ — (w^ + I) tt] 



2^-^n (- J) n (m - 1) J^ (2 cos 6> - 2 cos ^f 



t—m 



d(\> . . (106). 



When m and ^ are both positive integers, and n ^ m, we obtain 



n (^ - m) ^^ 2_sin-^^ p _™(!L±i)i d6 (107) 



n (n + ^>^) 



2»^ n ( - I-) n (771 - 1) J e (2 cos 6> - 2 COS <jb)'^- 



which becomes, when m = 0, 



p, (cos e) = ~[ 



SUl (^ + i) <^ 

(2 cos 6^ - 2 COS ^)^ 



dcf) (108), 



which is the second expression given by Mehleu for P,, (cos 6). The formulae (105), 
(106), (107) are therefore generalizations of the known formulae of Mehler and 

DiEICHLET. 

48. Next suppose the condition that the real part o{ n — m + 1 is positive does 
not necessarily hold, but that the real part of n + m is negative, and that of m + ^ 
is positive; we may replace part of the path of integration in the last Art. by 
straight paths from — 1 to — oo along the real axis, and a circle of infinite radius. 

From — to — 1, the phase of 1 — 2ixh + h^ m it — <^, where <^ is initially equal to $ ; 

from — 1 to ^, the phase of 1 — 2ixh + h^ is Stt + ^, where (f) is equal to 6 at the 
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oo 




point %, The part of the integral for P,, ""' (cos 0) which consists of integrations along 
the two finite circular axes is 



_1_ 

9w 



^-m{m-l) 



IT 



II(— f)II(m— 1) J 9 ^ ' 



g(,-,«)4+(m-iU3.H-*). .^^^.*y| (2 cos 6' - 2 co« (^)»-* cZ^ 



or 



1 



'TT 



2^^117^ i) n (m -- I) ^^^^"' ^ j/^ ^^^ ^'^^' + I) TT + (n + I) cfj] (2 cos ^ - 2 cos <^)^^~* dcjy. 



The part of the integral which is taken along the .circle of infinite radius is zero, 
and the part taken along the real axis is 



g-nr(m~|) 



2-* 'n(~-Dn(m-i) 



e 



— mwi 



/»00 

Jo 



_ ^..(....+i)+(.+x).+(«.-i)4.c| ^2 cos ^ + 2 cosh vf'-^^dv 



or 



2*^n(-i)n(m-|) 



sin ^^ 



«00 

2e(«+»'' cos (n + J + m) 77 (2 cos ^ + 2 cosh v)"*-* c?w. 





we thus obtain the formula 



n o^ — 7?^) r -T^ / ^x 2 . ^ / /,v 1 



P,, "^ (cos 6^) = zi~ — -— ( ^ cos mTT . P,e^ (cos ^) ^ siu mTT , Q,,^ (cos d) 

il {71 -f- 7)1) [^ IT ^ 



J 



2»n(-i)n(m-i)"sin»^ 



- /«7r 

1 cos (n4-|<^+m+|7r) (2 cos l9 — 2 cos ^)"'~^ (i<^ 
gc^+i)^ COS (ti+ 4 4- ^^^) ^ . (2 cos ^ + 2 cosh v)'^^-* ^t; I (109) 



which holds, provided the real part oin-^-m is negative, and that of m+i is positive. 
When the real part of n is between and — 1, and the real part of m is between 
MDCCCXCVI. — A, 3 u 
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|- and — I, both the formula (109) and (105) hold* In the special case ^ = 0^ we find 
by adding the two expressions in (105) and (109), 



P,, (cos (9) = — cos (n + i) TT ,o ^^^/i o 1^ V» ^^^ ... (110) 

^^ ^ ^ 77 ^ "^ Jo (2 COS ^ + 2 cosh vf ^ ^ 



when the real part of ti is between and — 1, 



A definite integral form for P«(/x)5 tvhen the real part of n is between and — 1, 



49, Taking the formula 



p m (,,\ L om tilZl iZ / 2 _. Dim 



h 



n-¥m 



2in 



n(-i) 



(1 -- 2/^/z. + A3)^+i 



dh, 



we see that, provided m is half a real integer, and also | — m is positive, the path 
may be replaced by one which consists of a single cnrve enclosing both the points 



1 

^ . — , 





In the first figure the initial phases at A are 27r - A for 1 — hz, and - (27r - a) 



h 



for 1 ' . In the second figure the phase of 1 

1 — ^z is 27r at D. The formula becomes 



h . 



z 



is zero at C, and that of 



1 ^^ nCm-l) , a 
27r6 n(-i) 



Pr(i^) = ^e 2« ^^^TT-rf (/^' - 1)''" 



•(2+, 1/2 + ) 



A»+ 



W4 



(1 - 2/i^ + i^^) 



j»+4 



: dh. 



Now suppose the real part of ^ - m is negative, and that of n + ^ + 1 is positive ; 
. rY^a.v ra-nlace the mth bv one round a circle of infinite radius, straight paths along 



we may replace the path by 
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oo 




the real axis, and a circle round the point O ; the circular paths contribute nothing 
to the value of the integral, and we have 

^TTlf AA ( ■" — '2/ J —00 

_ ^-{n + m+l)cn+2m(m+i)je^n+l)u ^2 cOsh U + 2/x)"-^^-^ du 

2^+1 n(m-^i) . 



TT 



' -rr-z — ™-sin (n — m)7r . cosh (n+Dte . (2 cosh u + 2/x)""^"'^ dtc, 

Al ( 2/ Jo 



this holds for all values of /x of which the real part is positive, provided m is half an 
integer, and is less than |, also provided the real part o{ n -- m is negative and of 
n -{- m -}- 1 is positive ; the only value of m which satisfies these conditions is 
m = ; we thus obtain the formula 

-n / \ 2 / , 1 \ f "^ cosh (n + h) 10 \ , V 

p. (;.) = - COS (n+i)7rj^^^j^^^^,rft.. . . . (Ill), 

which holds, provided the real part of n is between and — 1, and that of /x is 
positive. 



Definite Integral Expressions for P/' (/x), tvhen /x is real and greater than unity. 
50. In the formula 

where the real part of m ■+ | is positive ; when /x is real and greater than unity, put 

1 
/x = cosh t|^, then z = e*^, ~ = e'^, thus putting /i. = e\ we obtain the formula 

3 u 2 
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P,r" (cosh xjj) 



jT sinh-"' xjj 2 cosh (n + |) ^ (2 cosh ijt — 2 cosh (jy)"'-' d<^ . (112) 



2-n(-i)n(m~i) ^Jo 



where the real part of m + ^ is positive, and in particular 



p„(cosh^) = ^r-,;"^;^;+yV^c^^ .... (113), 

^ ^^ ^ J V 2 cosli '^^ — 2 cosh ^ ^ 



oo L_ < f \ - .■■«< ■ — • f- — < ' • — J<x> 

- ■ ■ - ■ "* ■ * "■" ' " ■ »■ ' ■ ■" 



The path joining the points z, Ijz can be placed as in the figure, along the real axis 
from 1/z to — 00 , except for a small semicircle round the point 0, then a semicircle 
of infinite radius, and lastly a straight path along the real axis from + cc to z. If 
the real part of m lies between | and — |-, and if the real part of w — m + 1 is 
positive, and if 7i + to is negative, the straight portions of the path are the only ones 
which contribute anything to the value of the integral ; in this way we find that 
under the conditions just specified. 



P -(coshr/;) = ^,!!!^,_, v I (" - 2^sinh {n+U- ^™^) (2 cosh <}> - 2cosh V^)'-^ d^ 



2«n(-i)n(m-|) ij^ 



.00 



_j_ e(«+» ^ + (»+ J) - ( 2 cosh ^ H- 2 cosh »/»)»-* d^ \ . 



In a similar manner, we can prove, by taking the semicircles below the real axis 
that under the same conditions, P,,-*" (cosh i//) is given by the formula 



P„-»(cosh^) = 2"^ui-mt-i) it ^' ''""^ ('^+4 -^ + '^^) (2 cosh </> - 2 cosh ,^)«-i d<l> 

_^ r g(»+i) * - («+i) m ^2 cosh ^ + 2 cosh t//)"'"^ dcj) > . 
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Q^ . .^ ^ o J — <— — y. 7 * ^~™7 oo 



r^ 







Multiply the two formulae by e~^^'+^)^% e0^+i)6,r^ ^^^^ subtract them, we then have the 
formula 

P;'" (cosh i/») = 2«n(-i)n(m- |) ^"^^^^ ^"^ "^ *^ "" J ^ ^'^'"^'' " ^^^^ (^ + i*^ + tmir) 



+ e-<"+«'" sinh (w + |^ — m7r)} (2 cosh ^ — 2 cosh i/>)™-^ d^ (114), 

where the real part of n is between and — 1 ; and the real part of m is between db i- 
If «i = 0, we have 

P4coshV.)=f-cot(« + i).|^"^^|iM==c^,p . . (115X 



Definite Integral B'ormidm for Q/'{cos ^), under Special Conditions. 



51. When the real parts of 7i. + ^^^ + 1? i ■"" ^ ^^^^ positive, we have 



take the path of integration to be from to 1, along the real axis, then from 1 to - 

along an arc of a circle of unit radius with its centre at the origin ; along the straight 
path, 1 — 2ixh + h^ has the phase zero, and along the circular arc it has the same 
phase as h, hence, writing in the first part of the integral h = e""'' and in the second 
part h = e""^, 



Q,r (cos ^ + . t) 

= et-- . 2- . n (w - 1) n (--- 1) 5^^^^ . sin- ol f '~^'''*^' 

TT [Jo 



du 



(2 cosh t^ — 2 cos 6y''^^ 
o(2 cos (^ — 2 cos 6>)^^+i 



d(^ L 
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Next take the path to be from to — oo along the real axis^ along a semicircle of 

infinite radius to + oo , from + oo along the real axis to 1, and from 1 along a 

.1 
circular arc whose centre is the origin to the point — \ If the real part ot n — m is 

negative, the part of the integral taken along the infinite semicircle is zero ; we have 



—oo 




— • 







oo 



then, writing h = e"'" . e", in the first integral, h = e", in the second integral, and 
h = e-'*, in the third integral, 



Q«'« (cos 6^ + . t) 



e?»"" . 2« . n (m - 1) n ( - 1) ^- sin'» 6 



/»00 



/3--0& + f;i+l)t7r __ 



6 



{n+¥)u 



W —00 



.00 






e 



(n + i)tt 



g(«i+ij2m ^2 cosh M - 2 cos (9)'"+'^ 



1 (A/U 



(2 cosh -z^ + 2 cos 6) 



m+ 



idu 



le 



^ 



,(m+|)2m 



(2 cos (^ — 2 cos 0) 



m+i 



7l (i(p 



If the real part of m lies between ± i? ^^nd if the real parts of n + ^ -f- 1^ '^ "— '>^ 
are positive, both the formulae we have found for Q/^ (cos ^ + . i) hold. Multiply 
the first expression by e"''''"', and the second by e'^'''\ and then add ; we find 



2 cos mw . Q/' (cos + . t) 

] / 1 ^ / 1 \ COS mir , ^ 

= &'''''' . 2'^' . n (m — I) n ( — I) . sm^^^ 6 



00 



2 cosh (n -r 4) ^^ 



Jo (2 cosh % — 2 COS ^) 



.{.1 Ct^'W 



»i-rt 



foo 




2 cosh (^2. + 4) ^2^ 

(2 cosh 16 + 2 cos 6) 



w+f 



du 



(116), 



which holds, provided the real part of m lies between ± |, and those of n + m + 1, 
m -^ n are positive. 
If m = 0, we have 



Q,j (cos ^ + . t) 



/. 00 



(2 CO 



cosh Qi + I) ie__ ^(^^^,j^^ r _COSh(.^+^)^£^ 

30sh 1^-2 cosh #)i ^^^ + ^ j , (2 cosh 1/. + 2 cos #)^' ^^ ^ ^ ^ ^ ^' 



which holds provided the real part of n is between and — 1. 
It is to be remembered that Q«(cos -{- » t) = Q^ (cos 0) ■— 



tir 



P;, (cos 0). 
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Formula for Q/^ (cosh i//) under special conditions, 

52. When /x is real and greater than unity, let /x = cosh \fj, we then have, provided 
the real parts of n + ^^ + 1, | — • w are positive, 

q,r {cosh .A) = e-' . 2» . n (m - 1 ) n ( - i) --'^ sinh» ,^ J ^ ^-^-^-^^^, c^A. 
Let h = e""'', we have then, taking the path along the real axis, 

If we take the path to be from to •— oo along the real axis, along an infinite 

1 . . 

semicircle from —-co to + ^ ? along a straight path from co to — , avoiding the 






point z by describing a small semicircle ; the integrals along the semicircles vanish 
provided the real part of n ■— m is negative, we then have 



cosmTT . ""^ 



Q/^(coshi/;) = 6-\2-.n(m--i)n(-|)^^^^^^sinh-i/.^ 77r^--7rr^o\ vn^du 

^ ^ V ^/ \ ^/ ^ ^ [J^oo (2coshi/r + 2cosh^^)"'^^ 



I ^^^ - Jo /-+^)-r2cosh.?r-2 msh 77^-+* ^^ r 



^ ^(2m+i)c. ^2 cosh ^6-2 cosh i/r/'^-'^ J o /'^+^^^" (2 cosh ^-2 cosh uy"-^ 

In a similar manner, by taking the semicircles above the real axis, we can show 
that 

Q,r (cosh xIj) = e^-\ 2-n(m-|) n ( --i) "^^ ^^^ sinh-ti/] -^ ~~^ , du 

^ ^^ ^ ^^ ^ ^^ TT ^lJ-c« (2 cosh .|r + 2 cosh i^r+* 

" J ^ ^-(2'-+i).- (2 cosh ^6-2 cosh tr^^ ^^^ " J ^-(m+j) c. (2 cosh ^-2 cosh ^)^+^ 



K 



Multiplying the first expression by e^'^+^^+i)^^^ and the second by e""^'''*'"'^^^''', and 
subtracting, we then have 



520 



DR. E. W. HOBSON ON A TYPE OF SPHEEICAL HARMOmCS 



Q/^ (cosh \p) sin (n + ^'^) "n- 



f IN / 1 \ COS Tfiir . 1 . r . / N f ** 

^m7rc^2^MI(m— |^)n( — 1) sinh^i// \ sm {n'-m)w ■ 



e 



{nVl)u 



^ (2 cosh '1^—2 cosh -^Ir)^-^^ 



cZi6 



-— sin (^ + I") TT 



'^ 



■(71 + ^)li 



(2 cosh i|r — 2 cosh t/^)^+^ 



c?t^ 



> ! 



where the real part of m is less than \^ and the real parts ofn + m+lym — n 
are positive. 

Put m = 0, we have then 



.oc 



Q,, (cosh \\}) = 



^U+|)w 



J ^ (2 cosh ^^ — 2 cosh i|r) 



; c^t^ — cot nir 



xl; 



e' 



(n+¥)u 



(2 cosh -^ — 2 cosh ^of 



du, (119) 



where the real part of ^^ lies between and — 1 



Expressions for Q/' (cosh r//)^ when n ^ ^ is a real integer, 
53. When n — | is a real integer^ the formula 



may be replaced by 



n(m-i)n(-i) , 

47r sin ('?^ + "in) ir ^^ 



\rti 



-(1/^, 0, l/^-,0~) 



A«+ 



m 



(1 - 2 yt^^ + ^^)'^^+^ 



c?A 



o n (m 



4)n(-i),.,3 



27r 



(j^2-l)i»f 



(1/2 + , + ) 



^''+ 



m 



(1 - 2 /^/^ + y^2y«+^ 



(i/i. 



the path may, as in the figure, consist of a circle of infinite radius, straight paths 
along the real axis from oc to z, and a small circle round the point z. 



* fn nnrmrn iw xw 



/ 




If the real parts of m— ?i, |-— m are positive, the only effective parts of the integral 
are those along the real axis. The phase of 1 ~ 2fih + h^, at A is tt ; we thus find, 



Q,r (cosh xp) 



2.. o. n(m-:iini-.i) ^.^^^ ^^^ J f „ ei^-Bu ^^ 



27r 



sinh^ ^ 



^ (2 cosh 'i^ — 2 cosh '\|r)^+a 



/ a. N ^ . / X 2'^^ n (m — i) n ( — i) . , ,, , 



^ (2 cosh t^ - 2 cosh '»|r)^+i 



(i^^ 



>• 9 



/.OO 



9, 



^ (2 cosh '^z. - 2 cosh ^)'^+* 



T^'^^^ 
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or 



Q,r (cosh xjj) 

__ COS mTT 2''' rr (m — | ) n ( 



TT 



1\ 
-^sinh^i// 



.00 



Q(n+^}tf, 



^ (2 cosh ^i — 2 cosh •\|r)^^+^ 



1 C'C w « . 



(120), 



where n - 
If m = 



- 4 is a real integer, and the real parts of m — n, ^ — m are positive. 
0, we have 



Q,, (cosh xjj) = 



^ (2 cosh u -- 2 cosh -i/r)^ 



(it^ 



.» » 



(121)^ 



where n ■— |- is a negative real integer. 

For all values of m and n such that n — | is a real integer, the path may be 
taken to be a circle of radius unity with the origin as centre ; we obtain on 
putting h =z e^, since W — 2/>iA + 1 = /^e^" (2 cosh i// ~ 2 cos ^), 



Q, - (^) =z= e^-- . 2- . " (^^^ y_I^(-^ ) ,• j,h. ^ 



2 



'TT 



g(n-i)t(^^ ^,gt(^ 



J „^ e(»^+i)^'^ (2 cosh i/r — 2 cos ^)''^+-^ 



^^^^' 



or 



Q,«(/.) = ,e<-»-. ^"'"^"' ^^^"^~ g-^sinh«tj, 



"tt 



COS (r^ + i) ^ 



. (2 cosh i/r — 2 cos ^)''^+i 



c?(j6 (122). 



Recurrent Relations for Successive Values ofn, m in P/' (/a), Q/' (/a). 



n _ 2 A 4- A^Y^^+ "^ ^^' ^y ^"^ ^^' ^^' *^^ integral being taken 
along any closed path, that is, one in which after completion the integrand returns to 
its initial value. 
We find 



^U (n, m) 



clfX 



(2m + 1)[ 



Jin+m+'. 



also 



d 



fjb —■ h 



(1 - 2lJLh + A3)m+^ 



2m 



dh =: (2m 4- 1) U (n, m + 1) ; 



(iA (1 - 2iJLh + A3)^^+^ (1 - 2^/i + A3)^'^+^ 



+ (2m 4- 1) 



/^ 



3- 1 



(1 - 2/>tA 4- /?'^)^+* 



Hence 



(/^^ - 1) 



cZU (n,m) 
dfji 



f 



A 



n + m+1 



2m 



MMMMB 



(i 



fjb — h 



[{I ^ 2ixli -\- h?y^-^^ ' c^y^ (1 _ 2/xA + ^7^^+^ 



dh 



— ■ 2mU (7^ + 1, m) — 



> (n + m+ 1) A^^+^'^ dh 



MDCCOXCVI, — A. 



(1 - 2//,/^ + /2.2y,M+i 

2^^U (^? 4. 1, m) — (n + m + 1) {/xIT {n, m) — U (n + 1, m)], 
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or. 



(^2 _ 1) ^£i^ = (^n-m+l)U{n+l, m) - {n + m + 1) /xU {n, m). 

Referring to the formulae (40), (50) for Q/^ (ja), P/^ (/x), we see that by choosing 
specified closed paths for the integration in U {n, m), each of the functions is of the 
form Grti (i^^ — 1 )*'^U (n, m) ; we thus obtain the formulae 



(/x^ - 1) ^^^ = {n - m + 1) P„+i« (/.) - (n + 1) /xP«« (/x) 



(/.^-l) 



dfj, 

dQ,,'" (fi) 
dfi 



y . (123). 



= (ri - m + 1) Q„ + r {ix)-{n+l) )aQ«» (^) 



--' 



Next let V {n, m) = V {'— n — 1, m), we have then by changing n mto 
in the relation which has been found above for U^ 

(jx^ — 1) — ^pJI^ ::=2 --- (n + m) V {n — 1^ m) + n/x Y {n, m) ; 



n — 1 



special cases of this relation are 






~N 



(/*^-l) 



(^ytt 



^ = nixFj" (ix) - {n + m) ?«_/» (/x) 
= ?^ /aQ»" (/^) - (« + m) Q«_i« (/x) 



• (124), 



^ 



from (123), (124), we have at once 

{2n + 1) fiP,r ilJ^) - {n-m + 1) P, + i- (^) -»- (n + m) P,^i- (/.) = 
(2n + 1) /xQ7(/>t) - (^ - m + 1) Q.+/M/^) ~ (^^ + '^) Q^-i" (/^) = 



. (125), 



these recurrent relations between the functions for different values of n hold for 
general complex values of m and n, 

55. It has been remarked in Art. 1, that W, which is equivalent to U {n, m), satisfies 
the differential equation 

(1 -- ix^) . ^)J ^ - 2 (m + 1) /x y " + (n - m) (n + m + 1) U [n, m) = 0, 



dfi^ 



now 

dJJ (n, m) 



dfjb 



= {2m+ l)U(??,m+ 1), 



cPTJ {n^ m) 
dfJ' 



(2m + 1) (2m + 3) U (n, m + 2) 



thus 



(1 ^ i^^){2m+l){2m + 3)U(n,m+ 2) — 2 (m + l)(2m+ l)/x.U(n,m+ 1) 

+ (n — m) (71 + m + 1) XJ {n, m) = ; 
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P„«+M/^) + 2(w + l) ^ 



n 



{p? - 1) 



I Pn'"-^'^ (ju,) ~ (w — m) (w + m + 1) ?„"" (ix) = 



Q/'+2 (^) + 2 (m + 1) ^^iZTiy Q»"^' (l^) " (^^ " ^'0 (« + m + 1) Q/' (;a) = 



Hi26), 



the formulae (ISS), (126), are well known for the case in which m and n are real 
integers. 

If /x = cos ^, then introducing the modification of Art. 17 into the symbols P/', Q/', 
we have 



P/^+^(cosl9)- 2(m+ l)cot6>.P/^+'(cos(9) + {n — m)(n + m + l)P/^(cosl9) = 
Q/^+^(cos6)~2(m+l)cot^.Q/^+\cos^) + (rl«--m)(7^ + m + l)Q/^(cos^) = 



(127). 



Toroidal Fimctioiis, 

56. If A, B are points at the extremities of a diameter of a fixed circle, and the 
coordinates of any point P in a plane through AB perpendicular to the plane of the 

AP 
circle, are denoted by cr, 6, ^, where o- = log— , ^ = /, APB, and ^ is the angle 

the plane APB makes with a fixed plane through the axis 0;^ which bisects AB and 
is perpendicular to the plane of the circle, it is known^ 




that the normal functions requisite for the solution of potential problems connected 
with the anchor ring are 

^n^f (cosh cr) . n$ . m6, 
^ ^ ^ sm sm ^ 

Q;^-/' (cosh cr) . nO . mcb. 

- ^ ^ sm sm ^ 



* See C. Neumann's ' Theorie der Blektricitats- und Warme- Vertteilmig in einem Ringe,' Halle, 1864. 
W. M, Hicks, *' Toroidal Functions," 'Phil. Trans.,' 1879. A. B. Basset, " On Toroidal Furctioiis," 
'American Journal of Mathematics,' vol. 15. W. D. Niyen, "On the King Functions," ' Proc. Lond. 
Math. Soc.,' vol. 24. 
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The functions P,;_/^ (cosh cr), Qu~f^ (cosh cr), where m and n are positive integers, are 
consequently called toroidal functions. Various expressions for these functions may 
be found, as particular cases of the various definite integral expressions which have 
been given above for P/^ (/x), Q/^ (juc). 
We find from (113) 

P,^. (cosh cr) ^ — j ^ 7[27osir7^^^^T^^ 
Also from (81), (82), 

P,,_i''' (cosh a) = ' • ^ 5^-^ (cosh cr + sinh cr cos ^)''~*^ cos r/i<^ cZ<^, 

_ ( — 1)^'^ IT (n — 1) p cos m(j) , 

TT U {n — m ■— J) J (cosh o- + sinh cr cos ^)'"'~^ ^* 

From f68), (69) 

P,,_x"^ (cosh cj) 

^Il(n + m — I) 1 



— ^ , -, s ^ TT / i X Tx 7 "iT sinh^'cr (cosh cr+sinh cr cos ^y "' ^ sin^'^'ci) ddy, 

Ii{n- m - J) 2"ai ( - J) n {m - J) J q ^ ^'^ r ^> 

— n (^ + ^n - 1) 1 . , ,, r 8in^^^^ (^ ^ 

^ n (^^ - ?n - I) 2^"n ( - 1) n (m - |) ^^^^ ^ J o (cosh cr -f sinh cr cos ^)^^+"^+^ ^* 

Again from (92), we find 

Q,^_/' (cosh cr) = (— l)'^ n r — n ^ ^^^ ^ "^ ^^^ ^ ^^^ '^^^ ' ^ ^^^ ^' 

and from (122), 

Q,_. (cosh (x; -- ( - 1 ) . ^ smh cr j ^ ^2 ^^^^^ o- -~ 2 cos c/))-"^^ '^^• 

In the case in which the real part of n — m + 4 ^^ positive, we find from (90) 
and (91), 

Q,_/^ (ccsh (t) 

^ / _ 1 ).M2-. .n^ ^ + ^^^-|)n(-^) ^.^^,^ ^fiog -till . ^^^ cr ~sinhcrcosht(,')----^^sinh^-i(; c^i(;, 
^ ^ n (?i— m— i) IKm — i) Jo 







n {fii — i) f cosh mio J 

= (— ly^ 7--^ ^-— - , :^ 7~, -—zdw. 

' n (^ — m — I) Jo (cosh (J + smli a cosh ivy^^'^ 
57. From (125), (126), we find, on writing 7b — ^ for n, the relations 
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2n cosh or. P,,_/'{cosh cr) — (n — m + i) P«+|'''(cosli cr) — (b + m — |) P,,_/'(cosh cr) = 0, 

with a similar relation for the Q functions^ and 

Pn-i""^^ (cosh cr) + 2 (m + 1) coth or . P;,^f^^- (cosh o-) 

— (?^ — m — I) (n + m + 1) P,,„/' (cosh or) = 0, 

with a similar relation for the Q functions. Formulse similar to these have been 
employed by Hicks to calculate the fanctions successively. 

58. It is important to have series for F^^^f (cosh cr), Qn-i"' (cosh a) in powers of 
6""°* 5 so that the values of the functions may be calculated approximately for consider- 
able values of cr. The required series for Qn-^i'' (cosh cr) is given at once by (35) ; we 
thus have 

Qn^f (cosh a) 

TT A? 4^ w — i^ IT <'— 1^ 



n(w) 



and in particultir 



Q„_, (cosh cr) = 5_0l__imi_i) ,-in.-,. F (I _ ,, + i ,, + 1^ ,-B.), 

This is the expansion in powers of e"^, of the elliptic integral to which 



.00 



dta 



x/ (cosh cr + sinh o- cosh to) 

is reduced by means of the substitution cosh or + sinh cr cosh iv = cosec^ ^ . e^ 

The corresponding series for P,,^/^ (cosh cr) must be obtained from (36), which 
requires, however, in this case modification. We observe that in the formula 

P,/^ (cosh cf) 

. ^^ sill (n + 771) TT U(7i + m) . , / ^ ^iN -r^ / . ' „ 

n (9^ — i-) 

^ c^m ^^ — ^^. sinli^V . e^^'-^'^)^ F (m + I, m — % \ — n, e-^"") 
11 {n — m) 11 ( — 1) \ ' ^' ■> ^ ? / 

when n— I is a positive integer p^; the second series has after a finite number of 
terms, infinite coefficients, moreover the coefficient sec 7nr of the first series is infinite. 
The expression for P/^(cosh a), gives us, therefore, first a finite series 
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ym 



n(i5o) 






(1 4- r^l) (3 4. ^^^) (^^^ __ ^^^^ 4. 1) (_p^ __ .,;^ _ X) 









g-4^ + . . . 

1 . 2 . Pq . ^0 ~» 1 

(i + m) . . . (J + m + 2Jq — 1) Q^'o — ^^ + i) ...(—- m + i) _ 



1 . ^ . , . J?Q . J9q (2:?Q 1) . . » 1 

which we shall denote by Sj ; and second the undetermined form 



^g-.S/;o^ I 



cos (p+Dtt n (j94-i)n (— I) 






;» 



n(i^) 



(i + m) . . . (I +m+7^o) {p-m-^-D . . . (^-7?i + -i--po) • 



. sinh 



7>l 



where in the limit, p = jp^. 

The numerical coefficient of the second series is equal to 



cr 



2"^ . 



Uip) 



n(i.) "n(^o + i)' 



n (j9 + 1 - m) n (~ I) ' n {m - 1) ' n (jp --^^0 "™ ^^^ - h) ' 



which is equal to 



2 



m 



J1(Pq + m 4- I) n(;:> o — p 4- y?i -" j) sin ( j^p — j9 4- m + j) tt 

sin (j?(, ~ J) 4- 1) TT 



n (po 4- 1) • n (/^ ^ 1) n (- j) • n (^o -p) 



Now the limiting value of the ratio 

sin ( p 4- I 4- ^^) tt / sin {'p^ — j9 + m 4- |) tt 
cos(^4-J)7r / sin (po -™ J? + 1) TT 

when J) =Po' ^^ easily seen to be — 1, thus the coefficients of the two series are equal 
and opposite infinities. 

Evaluating the indeterminate form according to the known rule, we obtain first an 
expression, which we shall denote by S^ ; this is 






n (po 4- m + -|) 






. sinh'^'cr , L;,^«„ ~ 



P-Pq 



^' ^'Bm(p-po) 



'P=Po 



dp 



^^^°~P '^ ""' '^ Bm{p, - p + m + ^)tt . e-(»+i)-+(i'-2p«>- 



n (Po ~ p) 



1 -4" 



I 4- m + pp.p -p^^jri - 1 



• O i » B * 



IJ^ 
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we also obtain the expression 



^^(,,^rnH)<r ^{^ + 1 ^^ + | + ^^p^ + 2, 6"'^)^, 



since cos (p + |) ir = — (— l)^'^ (p —po), in the Hmit, 

We have now, on the whole, picking out the terms in Sg, Sg, obtained by differen- 
tiating the exponential function 

(1) The finite series S^, 

(2) 2'''-^' . sin (m + i) ^ • JL^P^±^1J^ cr . sinh«^ cr . e-<^«-^"^+^^^ 

11 {Pq + 1) 11 (* -f) 

F (m + p(, + I, m + I-, j^o + 2, e'^-"), 

(3) _ 2»+i fr^=^--trF77 *TT COS (m + i) IT . sinh'V . e-<^»+»+»<^ 

F (m + 4, m +Po + f , J5o + 2, e"^"'), 

' , 2'".n(po + m + i) fn^(0)_n-(m-i)_ n-(Po + m + |) 

"*■ n(-j)n(po + i) ^ "^^-^ ln(0) ii(m~i) n(po + m + j) 

in the case of the ordinary ring functions (m integral), the first term vanishes on 
account of the factor cos (m + ^) it. 

, ^ . 2^'^ sin (m + i) tt . . 

's" -^Q (i^Q + ;^ + g + i) n (m + s - I) r JL^ , 1 , , A 

a=i ^If(p7+7TI^ ~ D n (.s) 1 1 "^ 2 + • • • + ^ 

11 11 1 



m + J m +- I m 4. s — i ' |?Q 4. 2 * * ' ' ^ jt?Q + s + 1 



Po + '^n -{- f p^ -{. fn -{- s -\- 



g— 3*<r 



Confining ourselves to the case in which m is integral, we can simplify the 
expression in (2) ; we have 

nCi^o + 1) P + 1^ p -r • ■ • 1- 1 1- n(0) 

n(m -i) m - J "I" m - I "^ • • • "^^ i "+' n (- I) 

?ll!!i±f<L±i) _ ^ , 4 1 , n' (- -I) 
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hence 



ir (0) 

n(o) 


n' {m - -1) n' 
n (m - 1) n 


(Po + m + I) 
(Po + m+ i) 


IT (p, + 1) 

U(p, + 1) 




9 j n' (0) 
1 n (0) 


n(-i)J "^ 


" 1 1 

L 1 i% + 1 




\ 2 


4- ' 


)] 


@ 



/I 



1 

2 









?W 



ii^ / 



Now use the known theorem U (x — 1) II {x — ^) = \/2ir . 2*"^*^. IT (2^ 
taking logarithms and differentiating, and then putting x = I-, we find 



1 ) ; on 



n^(0) n^("--i) 



(0) 



(™-i) 



log^ 4, 



Taking (2), (3), and (4) together, we now have the expression 



(_l)..2^.+i^(^|^^ 



where 



and 



sinli«^o-.g'"^'^«+^''^+^^^-^=°' 



4-(—lY'2'^ ..^t"!i_?l:f, _ V (y 4. 7/ 4„ /?) 



t?, 



%+m+s-i-i 



) 



n (i% + '?i?' + s + i) n (m + s — I) 



e 



"2sor 



, ..11 1 

li^r denotes the series ~t- + -- + »« - + — 

12' 7' 



.1 1 1 
Vr+x denotes the series -r + "^r + » ^ . + ; 

It '^^ + 2 



On changing p^ into n — 1, we now have the complete expression for the ring 
function P,,_/^'(cosh a), (m integral), 



^n~f (cosh (t) 

2-n (^ - 1) 



n(^-m^i)n(~-i) 



sinlV'^ 0- . e"-<^*-^^^"""^>^ 



1 ""f" 



(I + m) (^^ — I — ^?i) _ 



1 . '?^ -— 1 



e 



+ . * 



I, (i + ^^^) . . . (I + ^t- + ^ - 2) (n - m ^ 1) , , , (^ m + 1) ^^^^^^j^^' 

1 ,2 , , ,71 — 1 ,n — 1,71 — 2, , ,1 



2/ 



+ ( — 1 f 2^'-^ ^ , ^^".^^^J^^^^^A^^ log (4e-) sii^h« o- , e'-^^^+^^+i^ ^F (m + ti + |, m + |,fi+l, e""^") 



n(^)n(~i) 



sinli»^^cr.e~"^^^+^^^"^*^^ '"^ 



11 ( 2/ -ll ('^ — 2/ s=0 



S (w^+.^i Hr '^^i 



'Vm+s—i 



V, 



i^n+s- 



2/ 



Il(m + n + s — |) n (m + ^ ---_|-) _2,^ 
U(s) ^'^ ' ' 
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The particular case m = 0, gives as the expression for the zonal function, 



P«_i (cosh cr) 

_ n(m-i) 
- iTOt_|)n(_i) 



e 



•(71 — A) o- 



1 + 



-h.%' 



\.n — \ 



e"'^^ ... + 



<> 






^-~2(w^l)(r 



2 TTr''w^i'i 



1 » 

IT 



, n (n + s - iy) n (.s - -I) „, 

/jt \ .^ 1 A<- ^ ^Al ^~2sa- 



This particular case has been obtained by other methods by Basset, and by W. D. 

NiVEN. 

The case in which m is fractional has really been included in the above investiga- 
tion ; the simplification of the coefficients in the expression (2) does not apply to the 
general case. 

Mehlbr's functions for the Cone. 

59. The normal potential functions for problems in which the boundaries are 
coaxal circular cones'^ are spherical harmonics of complex degree — | + pt ; it is 
therefore desirable to consider the forms which the functions P,, (cos 6), Q^ (cos 0) 
take when n is of this form ; P„i+p, (cos 0) will be denoted by K^ (cos 6), 

We find from (103), (110), (ill), 



K^ (cos 6) 



cosh j9'?^ 



9 r^ 

\/2 cos %h — 2 cos Q 



diL 



If J 

9 



IT 



/.OO 

cosh JOTT 



cos fV 



\/2 cosli V •+• 2 cos 6 



dv ; 



these formulae have been proved by other methods by Mehler and by HsiNE.t 
From (103), we obtain the new formula 



K/(cos /9) = (— l)' I 



2 n (91 + yri) . /. 

2« n ( - i) n (m - i) n {n - m) '^h{ 



cosh 2^0 



r^ cosh 

Jo (2 cos'?6 — 2 



2 cos dy~'"' 



where m is any positive quantity. 

From the above formulae, we see that P_i+pt (cos 6) = P_i„p, (cos $). 
From (117), we have, 



MDCCCXCVI. — A. 



* See MEHLEii's paper in Crelle's 'Journal,' vol. 68, 
t See * Kngelfuncfcionen,* vol. 2, p. 221. 
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Q-.+p, (cos 6) — '^ P_i+,H (cos $) = Q_.j+,„ (cos ^ + . l) 

00 „ „ /.X 



P^iSi,,= , cU - ce-- ., cosg^^^ ^^ ^^^ 







\/2 cosh ^6 — 2 cos ^ ' Jo \/2 cosh -^^ + 2 cos ^ 



hence, cliangmg p into — J9, and adding the two equations, we find 

Q»|+i9. (cos ^) + Q-|„p, (cos d) — ITT P_.|.+^,, (cos d) 

^ C COBptt y ^ . f^ COSpi^ . 

= 2 ~-7=.==i====-^ rft^ "- 26 cosh pTT "-T^f^-^-r -^— -^ 0('?^, 

J \/2 cosh '^^^ — 2 cos ^ ^ J V 2 cosh to -f- 2 cos ^ 

hence 

cosh^TT,^ , /i\ , r^ / m-) 2cosh_^97rr cob pto 

^— (Q_i+,H (cos 6) + Q™x_,,, (cos 0)} = - / o-" -t; o g 

Tf ^^ 3+i3£. \ / i ^ 2 i^c \ /^ ^ Jo V 2 cosht6 — 2 cos fcr 

== K^ ( — cos ^), 

Thus we can use K^(cos 0), Kp{— cos 6), as the two independent functions. 

It tlius appears that the expressions given by Mehlee and Heine for K^ (cos 6), 
'Kp{— cos 6), are particular cases of the general formulae we have obtained above. 



Potential Functions for the BoivL 

60. It has been shown by Mehlek that for potential problems in which the 
boundaries are spherical bowls with a common circular rim, the functions K^ (^) can 
be used, ju, being in this case real and greater than unity, say ^ = cosh \|/. 

We find from (HI), that 

_„ , - . 2 , r°^ cos|?^ 7 

P_.,,. (cosh rj,) = K, (cosb rjj) = ^ cosh p^ j ^ y2^^^i|nrT2-c.^ ^«' 



and from (113), we find 



2 



'^ COBpV 



K^ (cosh \b) = - --~======^^ dv, 

^ ^ ^^ — \/2 cosh -x^ '— 2 cosh v 



also from (115), 

2 f°° sinJ9^y 7 

K,, (cosh xIj) =- coth pTT ""7^===^-"=-™™^^:^^ ^^' 
^^ ^ ^^ TT J^^2coshiy — 2 cosh Y 

these formulae are all proved by Heine^^' by other methods. 
From (112) we have 

V (c^sh ^};) = ^;r^jzr^jf^^ n(.r=^) ''""^ "^ J o (2 cosh f - 2 cosh ^)*- "^'^ 

^^' See ' Kugelf unction en,' vol. 2, p. 220. 
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Fi'om (118), we have 



Q^i+p, (cosh xjj) = j 



50 



0-"PtW 



xxeiiwe 



^ ^2 cosh u — 2 cosh i|r 



diL 



Q^i+pc (cosh t|i) + Q™*-^' (cosh t/f) = 2 



/•OO 



COS pto 



^ \/2 cosh u —■ 2 cosii l|r 



=^ rfee, 



531 



hence defining K^ (— cosh xjs) by means of the fominla 



2 



/.OD 



Kp ( — cosh \|/) = — cosh pTT 



cos pto 



h 



, \/2 cosh '^6—2 cosh ^ 



LvCvj 



we nave 



COSpTT 



TT 



{Q^l+p, (cosh t//) + Q^|.„^,(cosh \jj)} = K^ (— cosh x/^). 



It thus appears that the known expressions for these functions are immediately 
derivable from the general formulae obtained in the present memoir. 
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